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NETWORK THEORY

NETWORK THEORY

Prerequisite: Mathematics — II & Basic Electronics Engineering

OBJECTIVES:

. To learn techniques of solving circuits involving different active and passive elements.
e  To analyze the behavior of the circuit’s response in time domain.

. To analyze the behavior of the circuit’s response in frequency domain.

. To understand the significance of network function

UNIT-1 (CIRCUIT ANALYSIS)

KVL- KCL- circuit elements(R,L &C) in series and parallel- voltage and current divider rule-source
transformation technique-duals and duality- mesh analysis-super mesh analysis-nodal analysis-super
nodal analysis-network topology-definitions-incident matrix-fundamental cut set matrix-series and
parallel resonance.

UNIT-2(NETWORK THEOREMS)

Superposition theorem, Thevenin’s theorem, Norton’s theorem, Maximum power Transfer theorem,
reciprocity theorem, compensation theorem, and Tallegen's theorem as applied to DC and AC. Circuits

UNIT-3(TWO PORT NETWORKS AND FILTERS DESIGN)

Z parameter, Y parameter, h parameter, ABCD parameter, g parameter,Inter relationship of different
parameters-inter connection of two port networks-classification of filters-constant k low pass and high
pass filters-m-derived low pass and high pass filters-band pass filter-band elimination filter .

UNIT-4(TRANSIENT AND S-DOMAIN ANALYSIS)

Steady state and transient response-DC response of an R-L,R-C and R-L-C circuit-sinusoidal response
of R-L,R-C and R-L-C circuit-concept of complex of frequency-poles and zeros of network function-
significance of poles and zeros-properties of driving point and transfer function.

UNIT-S(NETWORK SYNTHESIS)

Hurwitz polynomial-positive real function, frequency response of reactive one port-synthesis of
reactive one port by Foster’s Method &Cauer method- synthesis of R-L Network by Foster’s Method
&Cauer method- synthesis of R-C Network by Foster’s Method &Cauer method.

OUTCOMES:

* Understand the behavior of different circuits and their response using various circuit analysis tools and
theorems

¢ Understand the analysis in time domain and frequency domain.

» Understand basic concepts regarding the system definition mathematically and associated network function.

» Understand the concept of Network synthesis.

Text Books:
1. Sudhakar, A., Shyammohan, S. P.; “Circuits and Network”; Tata McGraw-Hill New Delhi, 1994
2. A William Hayt, “Engineering Circuit Analysis” 8th Edition, McGraw-Hill Education.
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Unit I -NETWORK ANALYSIS
AIM:
To create circuits involving different active and passive elements

Pre-Requisites:

Knowledge of Basic Mathematics — II & Basic Electronics Engineering
Pre - MCQs:

1. Time constant of a capacitive circuit
a. Increases with the decrease of capacitance and decrease of resistance
b. Increases with the decrease of capacitance and increase of resistance
c. Increases with the increase of capacitance and decrease of resistance
d. Increase with increase of capacitance and increase of resistance

2. Which of the following is a correct statement of Ohm's law?

a. I=R/V
b. R=VI
c. V=IR
d. I=V/R
3. A sinusoidal signal has a period of 40 ms. What is its frequency?

a. 25Hz

b. 50 kHz
c. 50Hz

d. 25kHz

4. In a loss-free R-L-C circuit the transient current is
a. Oscillating
b. Square wave
c. Sinusoidal
d. Non-oscillating

5. In a circuit containing R, L. and C, power loss can take place in

a. Conly
b. L only
c. Ronly

d. All the above
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NETWORK THEORY

NETWORK ANALYSIS USING KVL & KCL

INTRODUCTION:

Today we live in a predominantly electrical world. Electrical technology is a driving
force in the changes that are occurring in every engineering discipline. Circuit analysis is
the foundation for electrical technology.Network is a system with interconnected electrical
elements. Network and circuit are the same. The only difference being a circuit shall
contain at least one closed path.

Network analysis is the process of finding the voltages across, and the currents through
every component in the network.

Basic Circuit Elements

Circuit: A circuit is a closed conducting path through which an electric current flows.

Electric Network: A combination of various electric elements, connected in any manner is
called an electric network.

Electric Circuits consist of two basic types of elements. These are the active elements and the
passive elements.

An active element is capable of generating or supplying an electrical energy.

Examples are voltage source (such as a battery or generator) and current source, oscillators
etc.. A passive element is one which does not generate electricity but either consumes it or
stores it. Resistors, Inductors and Capacitors are simple passive elements. Diodes, transistors
etc. are also passive elements.

These parameters may be lumped or distributed.
Elements of a circuit, which are separated physically, are known as lumped elements.
Ex:-L & C.

Elements, which are not separable for analytical purposes, are known as distributed elements.
Ex:- Transmission lines having R, L, C all along their length.

Circuits may either be linear or non-linear
A linear circuit is one whose parameter are constant i.e., they do not change with voltage or
current. Linear elements obey a straight line law.

For example, a linear resistor has a linear voltage v/s current relationship which passes through
the origin (V = R.I). A linear inductor has a linear flux vs current relationship which passes
through the origin (¢ = LI) and a linear capacitor has a linear charge vs voltage relationship
which passes through the origin (q = CV). [R, L and C are constants].

A Non linear circuit is one whose parameters change with voltage or current.
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NETWORK THEORY

Resistors, inductors and capacitors may be linear or non-linear, while diodes and transistors are
always nonlinear.

Circuits may either be Unilateral or Bilateral

The circuit whose properties or characteristics change with the direction of its operation is said to
be Unilateral. A diode rectifier is a unilateral, because it cannot perform rectification in both
directions.

A bilateral circuit is one whose properties or characteristics are the same in either direction.
Examples are R, L & C. The usual transmission line is bilateral, because it can be made to
perform its function equally well in either direction.

Branch
A branch represents a single element, such as a resistor or a battery. A branch is a part of the
network which lies between two junctions

Node
A node is the point or junction in a circuit connecting two or more branches or circuit elements.
The node is usually indicated by a dot (.) in a circuit

Loop

A loop is any closed path in a circuit, formed by starting at a node, passing through a number of
branches and ending up once more at the original node. No element or node is encountered more
than once.

Mesh

It is a loop that contains no other loop within it.

£

Branch

Fig.1.1

For example, the circuit of Fig 1.1 has 4 nodes, 6 branches and 6 loops and 3 meshes.

Resistance R [Unit: Ohm (Q)]

The relationship between voltage and current is given by v =Ri,ori =G v,
G = conductance = 1/R
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NETWORK THEORY

Power loss in a resistor = R . Energy dissipated in a resistor w = | R.i* dt
There is no storage of energy in a resistor.

Inductance L [Unit: Henry (H)]

-_—

. . . . di di
The relationship between voltage and current is given by v = N—-=L—

Energy stored in an inductor = %2 LL i?

No energy is dissipated in a pure inductor. However as practical inductors have some wire
resistance there would be some power loss. There would also be a small power loss in the
magnetic core (if any).

Capacitance C [Unit: Farad (F)]
-

[ -
n )

. . L . _dg _ dv
The relationship between voltage and current is given by i = =C—_

Energy stored in an capacitor = %2 C v?
No energy is dissipated in a pure capacitor. However practical capacitors also have some power
loss.

Independent and Dependent sources

Those voltage or current sources, which do not depend on any other quantity in the circuit, are
called independent sources. An independent d.c. voltage source is shown in Fig.1.2 (a) whereas a
time varying voltage source is shown in Fig.1.2 (b). The positive sign shows that terminal A is
positive with respect to terminal B. In other words, potential of terminal A is v volts higher than
the terminal B.

Similarly, Fig.1.2 (c) shows an ideal constant current source whereas Fig.1.2 (d) depicts a time-
varying current source. The arrow shows the direction of flow of the current at any moment
under consideration.

A O A A A

(v (v (1) (1 )iw

fa) k) (c) id)
Fig.1.2: Independent voltage and current sources
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NETWORK THEORY

A dependent voltage or current source is one which depends on some other quantity which may
be either a voltage or a current. Such a source is represented by a diamond shape as shown in
Fig.1.3. There are four possible dependent sources.

1. Voltage-dependent voltage source [Fig.1.3 (a)]

2. Current- dependent voltage source [Fig.1.3 (b)]

3. Voltage- dependent current source [Fig.1.3 (c)]

4. Current - dependent current source [Fig.1.3 (d)]

Such sources can also be either constant sources or time-varying sources. The constant of
proportionality are written as a,r,g and 8. The constants o and § have no units, r has the
unit of ohms and g has the unit of seimens.

+0 o— +

Y ri v av Bi

(a) (b) (c) (d)

Fig.1.3: Dependent voltage and current sources

Fundamental Laws
The fundamental laws that govern electric circuits are Ohm’s law and Kirchoff’s laws.

Ohm’s Law

Ohm’s law states that the voltage v across a resistor is directly proportional to the current i
flowing through it.
v« i, v=R.iwhere R is the proportionality constant.

A short circuit in a circuit element is when the resistance (and any other impedance) of the
element approaches zero. [The term impedance is similar to resistance but is used in alternating
current theory for other components]

An open circuit in a circuit element is when the resistance (and any other impedance) of the
element approaches infinity.

In addition to Ohm’s law we need the Kirchoff’s voltage law and the Kirchoff’s current law to
analyse circuits.

Dept. of ECE SCSVMV
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NETWORK THEORY

Kirchoff’s Current Law

Kirchoff’s Current Law states that the algebraic sum of the currents entering a node is zero. It
simply means that the total current leaving a junction is equal to the current entering that
junction.

Xi=0
Consider the case of a few conductors meeting at a point A as in Fig.1.4. Some conductors have
currents leading to point A, whereas some have currents leading away from point A.

1] 1>

Fig.1.4

Assuming the incoming currents to be positive and the outgoing currents negative, we have
I1+iz— i3+ is—Ii5=0

Kirchoff’s Voltage Law

Kirchoff’s Voltage Law states that the algebraic sum of all voltages around a closed path (or
loop) is zero.

Xv=0
In other words, IR +3¥e.m.f.=0 .. round a mesh

Consider a circuit as shown in Fig.1.5, we have
—v1i+v2+v3+v4=0

depending on the convention, you may also write
vl —=v2-v3-vd=0

Note: vl, v2 ... may be voltages across either
active elements or passive elements or both
and may be obtained using Ohm’s law.
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Branch

Kirchhoff's analysis for the
above mesh (a) is givenin
(b) and (c)

Loop (b) Node
R, | e
I, I,

Sum currents IN

I, +L,+I,=0amps
Sum cumrents OUT

-1, -1,-I,=0amps
Kirchhoff’s Current Law

NETWORK THEORY

Sum Voltages (counterclockwise order) :

V,+V,+V, +V,=0 volts

Sum Voltages (Clockwise order):
-V -V, -V, + V=] voits

Kirchhoff’s Voltage Law

Fig.1.6: Kirchoft’s analysis circuit

Determination of Voltage sign

In applying Kirchhoff’s laws to specific problems, for example, the circuit shown in Fig.1.6,
particular attention should be paid to the algebraic signs of voltage drops and e.m.fs. Following

sign conventions is suggested.

a) Sign of Battery E.M.F.
A rise in voltage should be given a +ve sign and a fall in voltage a —ve sign. Keeping this in
mind, it is clear that as we go from the —ve terminal of a battery to its +ve terminal as shown in
Fig.1.7(a) there is a rise in potential, hence this voltage should be given a +ve sign. On the other
hand, if we go from the +ve terminal of a battery to its -ve terminal) there is a fall in potential,
hence this voltage should be preceeded by a -ve sign. It is important to note that the sign of the
battery e.m.f is independent of the direction of the current through that branch.

current current
A4 E. . B a4 E p A+ V B A '
— ¢ _ WA\ 35 [ M@
- ; —= motion —= motion
Rise in Fall in Fall in Rise in
Voltage Voltage Voltage Voltage
+E K -V=-IR + V=+IR
(a) (b)

Dept. of ECE
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NETWORK THEORY

®»Sign of IR Drop

Now, take the case of a resistor for Fig.1.7 (b). If we go through a resistor in the same direction
as of the current, then there is a fall in potential because current flows from a higher to lower
potential. Hence this voltage fall should be taken —ve. However, if we go in a direction opposite
of the current, then there is a rise in voltage. Hence this voltage rise should be given a +ve.

Consider the closed path ABCDA in Fig.1.8, as we travel around the mesh in clockwise
direction, using KVL we get,

e W S (O 5 B~
—I1R1—I2Rz —I3R3 —IsRs —E2+E1 =0 l |
A
' N R,
Or IiRi+ 2Rz +I3R3+ [sR: = E1 — E2 R,= \\ & 1]
|| & .
D R L N
Fig.1.8

Assumed Direction of Current

The direction of current flow may be assumed either clockwise or anticlockwise. If the assumed
direction of the current is not actual direction, then on solving the question, this current will be
found to have a minus sign. If the answer is positive, then assumed direction is same as actual
direction.

Voltage Divider

Fig.1.9: Voltage Divider
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The voltage divider circuit is shown in Fig.1.9.

Ohm’s law gives Vour = IR, ...... 1)
Vi Ve
and we know that I = — = —&—

Pl SN )

Substituting eqn (2) into eqn (1)_ gives eqn (3)

V.:'ut = Vi.!'.l X :

In general, if there are n resistors in series, the voltage across resistor Rx is given by

R
V, = V,_ X =

Current Divider

R+ R +R_..

4Ry

NETWORK THEORY

The two-resistor circuits shown in the circuit Fig.1.10 is a current divider circuit. The current

through R is given by,

Rg
R,+ Rg

L, =1 X

Series Circuits

V; =—m Vs

> =1 1

i1 R, i

Fig.1.10: Current Divider

-_ y —-_—

>

R, i R

When elements are connected in series, from Kirchoff’s current law, i; = i> =i and from
Kirchoff’s Voltage Law, v; + v2 =v. Also from Ohm’s Law,
vi=Riij,v2=Rxi2,v=RI

“Rji+Ri=Ri orR

=R/ + R,

That is, in a series circuit, the total resistance is the sum of the individual resistances, and the
voltage across the individual elements is directly proportional to the resistance of that element.

Dept. of ECE
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Parallel Circuits

V) =—

i1 R e
—>— = > _T—
i v, < i R

When elements are connected in parallel, from Kirchoff’s current law, i; + i>
Kirchoff’s Voltage Law, v; = v2 = v. Also from Ohm’s Law, vi = R;i;, v2 = Rz iz,

. v v v 1 1 1 R RiRo
. +— = or —=—+—orR =
Ry R: R E Ri ERq R,+R,
Iy
iy Ry Rz v Rg Iy Ry i Ry ...
Also, == == and—= T g current division rule
il_z H_z Ri v Ri i R1+Rz i 1+ %

resistances.

Problems on KVL and KCL

1. What is the voltage Vs across the open switch in the circuit shown in Fig. Q17?

50V

i
| s0v
|

Dept. of ECE SCSVMV

In parallel circuits, the ratio of the current in one branch of a two-branch parallel circuit to the
total current is equal to the ratio of the resistance of the other branch to the sum of the two

NETWORK THEORY

i and from
v=Ri
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NETWORK THEORY

Solution:

We will apply KVL to find Vs. Starting from point A in the clockwise direction
V+10—20—-50+30=20 SV, =30V

2. Find the unknown voltage Vi in the circuit of Fig. Q2.

q B ¢
H B . 164
1. $ oA
40V 3
— RF! <
."l._al'.‘l_
o aA
Wt
i - 3 D
Fig. Q2

Solution:

Taking the outer closed loop ABCDEFA and applying KVL to it, we get
(—16 X 3)- (4 X 2) + 40-V, = 0
SV, = —16V

3.For the circuit shown in Fig. Q3, find Vcg and V ac.

=20V 5 % 25 40V,

9
AAAN AAN
vy vy ——

D C H G

Fig. Q3

Solution:
Consider the two battery circuits of Fig Q3 separately. Current in the 20V battery circuit ABCD

) 20 _
e
Similarly, current in the 40V battery circuit EFGH is 5+4;+ - =24

SCSVMV Page 13
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NETWORK THEORY

For finding Vcg , we will find the algebraic sum of the voltage drops from point E to C via H and
B.

SV = (=5 X 2)+ 10— (5 X 1) = -5V
The —ve sign shows that the point C is negative with respect to point E.

For finding Vac , we will find the algebraic sum of the voltage drops from point E to C via H
and B.

Vie = (7 X2) + 10 4 (6 X 1) = 30V

4.Using Kirchhoff’s Current Law and Ohm’s law, find the magnitude and polarity of voltage V
in Fig. Q4

L4

2
203 (1) v360 $sa(})8A
~ Ay 7 Y

\ 1L/

N

B
Fig. Q4

Solution:

Applying KCL to node A, we have I;-L+[3=22  ---(i)
Applying Ohm’s law, we have

I =V/2,I;=V/4, ,=-V/6

Substituting these values in eqn (i) ,we get V=24V

I1=12A,b=-4A,I;=6A

The negative sign of 12 indicates that actual direction of its flow is opposite to that of
shown in Fig. Q4.
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5.Determine the branch currents in the network of Fig. Q.5.

B
|
1 Q,,S 2.1Q
0 [
X zy 7
SV
il >
X4 \Vs > ‘(x—::)
A v il Q HC
« =5
7, e
QF =100
7 (+z)
A(x+y) D (x+y) I
AMA E Il() \%
Fig. Q5

Solution:
Apply KCL to the closed circuit ABDA, we get
5—x—z+y=0 or x—y+z=5

Similarly, circuit BCDB GIVES
—(x—z)+5+(y+z)+z=0

or x—y—3z=5

From circuit ADCEA,we get
—y—(v+z)+10—(x+y)=10
or Xx+3v+z=10

On solving we get z = 0,x = 6.254 and ¥ = 1.244
Current in branch AB = current in branch EC = 6.254

NETWORK THEORY

Current in branch ED = 0; current in branch AD = current in branch DC = 1.254; current in

branch CEA = 7.54.

Dept. of ECE SCSVMV
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NETWORK THEORY

Self Assessment

1. Use Kirchhoff’s laws to determine the values and directions of the currents flowing in each of
the batteries and in the external resistors of the circuit shown in Fig. Q.6. Also determine the

potential difference across the external resistors.

12V 2
{ I f AN
A B c
R 1 D A
(x+y) T E
Fig. Q.6

2 Find ix in the circuit shown in Fig. Q.7

Source Transformation

In network analysis it may be required to transform a practical voltage source into its equivalent
practical current source and vice versa which are depicted in Fig.1.11. These are as explained

follows.
R4 Vi(t) v _
AYAVAY —O— % L)
:Vr\ Vi) ) R4
B’ /l\
YOR ‘
o _ _ _

Applying KVL,
V(t) — iy(t).Ry — Vi(t) = 0 or i4(t)= —
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Sources with equivalent terminal characteristics

NETWORK THEORY

Dept. of ECE

+
- +
\"' ¢ -
N G (JG) e
V2 Vi+V» Vil © Vai=V] Vi=V2
L

(1)Series voltage sources (11) Parallel voltage sources(ideal)

®*
@ = W@

(iv) Series current sources (ideal)

D Do @ i

(1) Parallel current sources

O
R4

VO Zw Vi

O
(v) Voltage source with parallel resistance

oL

o
(vi) Current source with series resistance

Fig.1.11: Source Transformation

o

Self Assessment
1.Using successive source transformation, simplify the network shown in Fig. Q8 betweenX &Y.
% ? é
Fig.Q.8
SCSVMV Page 17




NETWORK THEORY

Delta/Star Transformation

In solving networks by the applications of Kirchhoff’s laws, one sometimes experiences great
difficulty due to a large number of simultaneous equations that have to be solved. However such
complicated network can be simplified by successively replacing delta meshes by equivalent star
system and vice versa.

A delta connected network of three resistances (or impedances) R12, R23, and R31 can be

transformed into a star connected network of three resistances (or impedances) R1, R2, and R3
as shown in Fig.1.12 using following transformations

| o

:_: R[
R‘.’\I o LRI 2 @
) ' R.‘ 1 N R,
Ry 2
3¢ VW > e v
(a) (b)
Fig.1.12: Source Transformation

R .R R, Ry, R R,
124431 . R, = 237412 and R, = 31123

R, =
! Rl! + RZE + Rﬂl

Note: You can observe that in each of the above expressions, resistance of each arm of
the star is given by the product of the resistances of the two delta sides that meet at its end
divided by the sum of the three resistances.

Star/Delta transformation

This transformation can be easily done by the following equations

_RiRHRRo iRy RiRy+RRa.RyR, _ RyR,+R,Ry, R R,

3 5 LT -
12 RE ! 23 Rl 31 R.

=

The equivalent delta resistance between any two terminals is given by the sum of star resistances
between those terminals plus the product of these two star resistances divide by the third star
resistances.
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Problems

1. Calculate the equivalent resistance between the terminals A and B in the network shown in
Fig. Q.9.

/ 4 ) 7 4 . ; 4 :
4 € : 4 ¢ 4 e LS
J | J |
1= = =16/9 - 0=
42 . =8 _:-l l(\.\.":1>
o : 120 L 240
D AN E NS /;/;1"
J Dr \E J
83 =4 =8 = R
B ] i | B
(a) (h) ()
Fig. Q.9

Solution:
Rcs= 16/99, REs=24/9Q and RDs=12/9Q
Rap= 4+(16/9)+(35/9)=87/9Q2

Self Assessment

1. Calculate the current flowing through the 10Q resistor of Fig. Q.10.

i
180V

A
8 > A 30 N -
-+ 772' 5 'E\T\N 1211
N8 aww—2
A s

1, 1, Ay
125 12 304 %13

q 10 E

AN
Fig. Q.10

2. A network of resistances is formed as shown in Fig.Q.11. Compute the network resistance
measured between (i) A and B (ii) B and C (iii) C and A.

A

s %150

g D S
A .\
40 307

AAAN

B i 0 C

Fig. Q.11




NETWORK THEORY

Introduction to Nodal and Mesh Analysis

When we want to analyse a given network, we try to pick the minimum number of variables and
the corresponding number of equations to keep the calculations to a minimum. Thus we would
normally work with either currents only or voltages only. This can be achieved using these two
analyses.

Mesh or Loop Analysis

Mesh Analysis involves solving electronic circuits via finding mesh or loop currents of the
circuit. This is done by forming KVL equations for respected loops and solving the equations to
find individual mesh currents. This method eliminates a great deal of tedious work involved in
the branch current method.

We simply assume clockwise current flow in all the loops and find them to analyze the circuit.
Also any independent current source in a loop becomes the loop current.

No. of loops= No. of branches - (No. of nodes-1)

Circuit with independent voltage sources

a — b —» B C
A", AV
P
+ g E +
" n @
f e d

Fig.1.13: Mesh analysis for independent voltage sources

Using KVL for the circuit as shown in Fig.1.13, at loops 1 and 2, we form KVL equations using
the current and components in the loops in terms of the loop currents. Important thing to look at
it is the subtraction of the opposing loop current in the shared section of the loop.

Equations:
Rih+(h-0)-Rs=1
R b+ R3(h-h)=-V12

i..e. (R1+ R3)'f1 -bhRs=MW
R h+ (Re+ R)b=-12

Note: i; and i; are mesh current.
1;, > and I are branch current.
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Li=inL=1i;=(i-1i)
Formalization: Network equations by inspection

(R1+E3) _Rs L _ I?1

- &, {Rz"'R}) | 2 -7

Impedance matrix Excitation
Mesh currents

NETWORK THEORY

Use determinants and Cramer’s rule for solving network equations through manipulation of their

co-efficients.

Note:

Solving equations with two unknowns

Suppose the two given simultaneous equations are
ax+by = ¢

dc+ey = f

Here. the two unknown are xand y. a. 5. 4 and e are coefficients of these unknowns whereas ¢ and
fare constants. The procedure for solving these equations by the method of determinants is as fol-

lows : ‘

1. Write the two equations in the matrix form as [Z, I:] [:] = [;]
2. The common determinant is given as A= [g, Z:I =ae—bd
3. For finding the determinant for x. replace the co- lec b

efficients of x in the original matrix by the con- 217 F @ = (ce )

stants so that we get determunant A; given by
4. For finding the determinant for y. replace coeffi- a ¢

cients of y by the constants so that we get A= d f = (af —d)
5. Apply Cramer’s rule to get the value of x and y

A ce—Bf A, af —cd
a— -——1— — d = ——=
Y=A"ae—bd YT A " Ge—bd

Solving equations with three unknowns

Dept. of ECE SCSVMV
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Let the three simultaneous equations be as under :

ax+by+tez = d
ex+fytgz = h
xt+thky+lz =m

The above equations can be put in the matnx form as under :

514 - 03

The value of common determinant 1s given by

a b c
A=le { 213 =a (f1 - gk) — e (bl — ck) + j(bg — cf)
i K
The determinant for x can be found by replacing coefficients of x in the original matrix by the
constants. ]
d b ¢
A = | A f g|=d(f1—gk)—h(bI—ck)+mbg—cf)
1 m k 1
Simuilarly. determinant for y 1s given by replacing coefficients of y with the three constants.
a d ‘¢
A, = |e h gl|=a(hl—mg)—e(dl—mc)+ j(dg— hc)
J m
In the same way. determinant for = 1s given by
a b d
A; = |e [ h|=a(fin—hk)—e(bm—dk)+ j(bh-df)
j k m
AsperC °s rul o By By By
s per Cramer’s rule TT= S PprmeT
Problems
1.Determine the current supplied by each battery in the circuit shown in Fig. Q.12.
50 40 5V 80
lr.f“'.l“lilﬂ.l | 'ﬁ'r'.'..'h',l'l'lll"' — .l'il;l.‘:'\.l;'.vn'l
< By <
<, _ <
B N 339 TN 3287\ sov
T I | I I I T
20V, ') 2 ) 5V : B
= == 3
\,____,-f B, 51.-’""\_ -~ B -

Solution:

For loop 1 we get

20-511 - 3(Ii-I) =5 =0 or 81 - 3>=15

For loop 2 we have

4L +5-2(-13)+5+5-3(-Li)=0o0r 31-9L+2I3=-15
Similarly, for loop 3, we get

B3-30-5-2(I3—12)=0o0r2L - 10I3 = 35
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On solving, we get I1 =765/299 A, I, = 542/299 A and I3 = -1875/598 A

So current supplied by each battery is

B1=765/299 A B3 = +13 =2965/598 A Bs =1875/598 A
B> =11-1b=220/299 A B4=12=545/299 A

2. Use mesh analysis to compute the voltage Vioq in Fig. Q.13.

10y
120 150
AN VA
% = Zs0 | 5
> < < iy Voo
I O
= _
() ® 00
[1zv ‘“J 24V
Fig. Q.13

Solution:

Voo

Fig. Q13.(a)

On applying KVL to Fig. Q13.(a) , We have
Mesh 1: 24i1-8i2-12i4-24-12=0 or 6i;-2i2-314=9
Mesh 2: -8i114+2912-6i3-1514=-24

Mesh 3: -612+1613=0 or -3124813=0

Mesh 4: 14=101x=10(i2-13) or 1012-10i3-14=0
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On solving, we get
11=1.94A 1,=0.13A 13=0.05A 14=0.79A
Now, we find Vioq by ohm’s law, that is,

Vioa =10i3 = 10 * 0.05 = 0.5V

3. Using mesh analysis, find I, for the circuit shown in Fig. Q14.

o
10203 q L 0 q i) 6.2-90°

Fig. Q.14

Solution:

On applying KVL, we have

Mesh 1: 10£0° -4i1 +j2(i1-12) = 0 or (2-))i1 +ji2 =5

Mesh 2: -j412 + j2(12-11) - 6/-90° = 0 or 211 + (-j4+j2)i2 = 6.£-90°

Ip = (i1 - i2)

On solving, we get
11=2+0.5
12=1-j0.5
lo=1+j=1.414/45°

Nodal Analysis

NETWORK THEORY

The node-equation method is based directly on KCL. In nodal analysis, basically we work with a
set of node voltages. It provides a general procedure for analyzing circuits using node voltages as

the circuit variables.
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For the application of this method, every junction in the network where three or more branches
meet is regarded a node. One of these is regarded as the reference node or datum node or zero-
potential node. Hence the number of simultaneous equations to be solved becomes (n-1) where n
is the number of independent nodes. These node equations often become simplified if all voltage
sources are converted into current sources.

Then we write the KCL equations for the nodes and solve them to find the respected nodal
voltages. Once we have these nodal voltages, we can use them to further analyze the circuit.

Example

A @® §2Q 7§z§ OEL

Fig.1.14: Nodal analysis for independent current sources
On applying KCL to the circuit shown in Fig.1.14, we get
At node 1
1A =Vi1/2 + (V1-V2)/6 or 0.66V1-0.166V2 = 1A

At node 2
(V1-V2)/6 = V2/7+4A or 0.166V| - 0.309V2 = 4A

On solving, we get
Vi =-2.01V and V, =-14.02V
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Problems

1. Using nodal analysis, find the node voltages Vi and V in Fig. Q.15

DA
® Y O]
— ¥ r_:l j
ey 5” H:’ :m
NE ‘ ‘
Fig. Q.15

Solution:

Applying KCL to node 1, we get
8—1-Vi/3-(Vi-V2)/6=00r3V;-V,=42

Similarly, applying KCL to node 2, we get
1+ (Vi-V2)/6 —V2/15-V2/10=00r Vi -2V2=-6

Solving for Vi and V2, we get
Vi=18Vand V2 =12V

2. Use nodal analysis to determine the value of current 1 in the network of Fig. Q.16

4
(1) .
* - .:\ F,
. 3 |
Y
6A |
(1) =3 6=
Fig. Q.16
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Solution:

Applying KCL to node 1, we get

1I;"F:I. _vz

6= Va
4

+ + 31
]

. v, .
As seen, 1= 2 Hence, the above equation becomes

V-V, + vy

v
6= St 3;1 or 3Vi-Vy =24

Similarly, applying KCL to node 2, we get

V.-V, . V V.-V, _V, V
%+31:;2 or———=+3— :f

p 2 or3V; =2V,

From the above two equations, we get
Vi=16V ~i=16/8=2A

3. Find the value of the voltage v for the circuit of Fig. Q.17.

A Vy
+ P P ——
20
Lﬂ,+
a N '.— . "> 2V
24 r\.,_T/ 20 -Ej v <_ X
Fig. Q.17

Solution:

Application of KCL at Node A of the circuit below yields

v v—2vy
-+
2 2

=20rv-vy=2

Also by KVL
vV =vy+ 2vx

and by substitution
Vit 2vi—vy=2o0rve=1

and thus v=3V
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Self Assessment:

1. Use mesh analysis to compute the current through the 6€2 resistor, and the power

supplied (or absorbed) by the dependent source shown in Fig. Q18.

IS8 A
S
izl st
A v-'ﬁ‘v' LTIy
iy
M ¢ oeail, ¢ e (1)
__\_J_/ 400 *:: ) G2 —/ |
za () 244
N 50V
Fig. Q18
2. Use mesh analysis to find Vo in the circuit of Fig. Q19.
6V,
S
6 mA
8 ki) P
v W I
b
*12 k) s Vi 120 Vo
4 ki2
Fig. Q19
3. Use nodal analysis to compute the current through the 6€2 resistor and the power supplied
(or absorbed) by the dependent source shown in Fig. Q20
P 18 A
R
20 1502
= o] Qé \ oo
D 4= oo N7 (D
izA \J% o v 24A
Fig.Q20
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Solution:
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Super Mesh Analysis: If there is only current source between two meshes in the given network
then it is difficult to apply the mesh analysis. Because the current source has to be converted into
a voltage source in terms of the current source, write down the mesh equations and relate the
mesh currents to the current source. But this is a difficult approach .This difficulty can be
avoided by creating super mesh which encloses the two meshes that have common current source

Super Mesh: A super mesh is constituted by two adjacent meshes that have a common current
source.

Let us illustrate this method with the following simple generalized circuit.

Step (1):1dentify the position of current source.

Here the current source is common to the two meshes 1 and 2. so, super mesh is
nothing but the combination of meshes 1 and 2 .

Step (2):Apply KVL to super mesh and to other meshes

Applying KVL to this super mesh (combination of meshes 1 and 2 ) we get

RIII+R3(12-I3)=V............ (1)

Applying KVL to mesh 3, we get

R3(I3-12) +R4.I3=0........... ()

Step (3):Make the relation between mesh currents with current source to get third equation.

Third equation is nothing but he relation between I, I1 and 12 which is

Step(4): Solve the above equations to get the mesh currents.
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Example(1): Determine the current in the 5 Q resistor shown in the figure below.

a b S e
[ [ wu L
—1 | g0 - *) s2a
> l}
L I 1 2A T30
sov (*) h ¢ =) ¥ f
e
| 3sa b | 19
o e
1
_— T d

Solution:

Step(1): Here the current source exists between mesh(2) and mesh(3).Hence, super mesh is the
combination of mesh(2) and mesh(3) .Applying KVL to the super mesh ( combination of mesh 2
and mesh 3 after removing the branch with the current source of 2 A and resistance of 3 Q) we

get :
10(12-1)+212+13+5(13-11)=0
1501 +1212+ 603 =0 ... (1)

Step (2): Applying KVL first to the normal mesh 1 we get :
10(I1 —12) + 5(11 - 13) =50
1511 -10. 12 - 513 =50 ...ccevvennnee. (2)

Step (3): We can get the third equation from the relation between the current source of 2 A , and
currents 12 & I3 as :

2-13=2A ... 3)

Step (4): Solving the above three equations for I1, 12 and I3 we get 11 =19.99 A12=17.33 A
and [3=15.33 A

The current in the 5 Q resistance =11 - [3 =19.99 - 15.33 =4.66 A

Example(2): Write down the mesh equations for the circuit shown in the figure below and find
out the values of the currents I1, 12 and I3

| *)ov
/ 1 D2 10
mA,\T/ 3Q
2Q
[ 1l
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Solution: In this circuit the current source is in the perimeter of the circuit and hence the first
mesh is ignored. So, here no need to create the super mesh.

Applying KVL to mesh 1 we get :

3(2-11)+2(12-13)=-10

301 45.12-213=-10............. (1)

Next applying KVL to mesh 2 we get :

3+2(13-12)=10

2124313 =-10.............. (2)

And from the first mesh we observe that....... I1=10A......... 3)

And solving these three equations we get : [1 =10 A, 12=7.27 A, 13 =8.18 A

Nodal analysis:

Nodal analysis provides another general procedure for analyzing circuits nodal voltages as the
circuit variables. It is preferably useful for the circuits that have many no. of nodes. It is
applicable for the both planar and non planar circuits. This analysis is done by using KCL and
Ohm's law.

Node: It is a junction at which two or more branches are interconnected.
Simple Node: Node at which only two branches are interconnected.
Principal Node: Node at which more than two branches are interconnected.

Nodal analysis with example:

Determination of node voltages:

Dept. of ECE SCSVMV Page 31




NETWORK THEORY

Procedure:

Step (1): Identify the no. nodes, simple nodes and principal nodes in the given circuit. Among all
the nodes one node is taken as reference node. Generally bottom is taken as reference node. The
potential at the reference node is Ov.

In the given circuit there are 3 principal nodes in which node (3) is the reference node.

Step (2): Assign node voltages to the all the principal nodes except reference node and assign
branch currents to all branches.

1 vl R2 v2 Ry
> AW 15
i YpB 1Y
v ’—_ R1: :R3 ZR5
ovis

Step (3): Apply KCL to those principal nodes for nodal equations and by using ohm's law
express the node voltages in terms of branch current.

Applying KCL to node (1) ---- 1=I2+13

Using ohm's law, we get (V-V1)/R1 =(V2-0)/R2 +(V1-V2)/R3. ........ 1)
Applying KCL to node (2) ---- 3=14 +I5

Using ohm's law, we get (V1-V2)/R3 =(V4-0)/R4 +(V5-0)/RS. .............. (2)
Step(4): Solve the above nodal equations to get the node voltages.

Example: Write the node voltage equations and find out the currents in each branch of the
circuit shown in the figure below.
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Solution:

The node voltages and the directions of the branch currents are assigned as shown in given figure.
Applying KCL to node 1, we get: 5 =110+ I3
5= (V1-0)/10 +(V1-V2)/3

V1(13/30) -V2(1/3) =S........... 1)
Applying KCL to node 2, we get: 13=15 + 11

(V1-V2)/3 = (V2 -0)/5 + (V2-10) /1

V1(1/3)-V2(23/15) = -10................ 2)

Solving the these two equations for V1 and V2 we get :

V1=19.85Vand V2 =10.9 V and the currents are :
110= V1/10 = 1.985A
I3 =(V1-V2)/3 = (19.85-10.9)/3 = 2.98A
I5 =V2/5=10.9/5 =2.18A
I1 =(V2-10) = (10.9-10)/1 = 0.9A

Super Node Analysis: If there is only voltage source between two nodes in the given network
then it is difficult to apply the nodal analysis. Because the voltage source has to be converted into
a current source in terms of the voltage source, write down the nodal equations and relate the
node voltages to the voltage source. But this is a difficult approach .This difficulty can be
avoided by creating super node which encloses the two nodes that have common voltage
source.

Super Node: A super node is constituted by two adjacent nodes that have a common voltage
source.

Example: Write the nodal equations by using super node analysis.

v v Vs
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Procedure:

Solution:

Step(1):1dentify the position of voltage source.Here the voltage source is common to the two
nodes 2 and 3.s0, super node is nothing but the combination of nodes 2 and 3 .

Step (2):Apply KCL to super node and to other nodes.
Applying KCL to this super node (combination of meshes 2 and 3 ), we get

(V2-V1)/R2 + V2/R3 + (V3-Vy)/R4 + V3/R5 =0

Applying KVL to node 1 ,we get
I=V1/R1 +(V1-V2)/R2................. (2)
Step (3): Make the relation between node voltages with voltage source to get third equation.

Third equation is nothing but the relation between VX, V2 and V3 which is
V2-V3=Vx
Step (4): Solve the above nodal equations to get the node voltages.

Example: Determine the current in the 5 Q resistor shown in the circuit below

+ <

Applying KCL to node 1: 10 =V1/3 + (V1-V2)/2
VI[1/73+1/2]-V2/2=10

0.83V1-0.5V2=10

Next applying KCL to the super node2&3 :
(V2-V1)/2 + V2/1 + (V3-10)/5+ V3/2=0
-VI1722+V2(172 + 1) V3(1/5+ 1/2) =2

05V1I+15V2+0.7V3=2 . (2)
and the third and final equation is:
V2-V3=20....ccccceeen 3)
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Solving the above three equations we get V3 =-8.42 V

The current through the 5 Q resistor I5 =[-8.42 -10
1/5 =-3.68 A The negative sign indicates that the
current flows towards the node 3.

Assignment Questions:

3. Calculate the current flowing through the 10Q resistor of Fig. Q.9.

1
180 V

F
8¢ “z4 30 z17
o Z, 22 g ‘G,

34
4 B MWW L)

A

7 = 4 =
125 12 3072 ~13
(’l 10 [E
AW

Fig. Q.9

2 Using Kirchhoff’s Current Law and Ohm’s law, find the magnitude and polarity
of voltage V in Fig. Q10

L4

= )

29? D \r";ﬁ‘fﬁﬂ 30 ; 8A
‘ ~30A ey

Fig. Q10

3.A network of resistances is formed as shown in Fig.Q.10. Compute the network
resistance measured between (i) A and B (ii) B and C (iii) C and A.

sy %%1s50
D M4
40 307

B i 0 c
Fig. Q.10
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6. Determine the current supplied by each battery in the circuit shown in Fig. Q.11.

50 40 3V 80

ANAAA AMMAA _ AR AR

LU | | PR PNy

< By
B T IR TN 22 0V
I | ' L | [ L | —
20V ' £ SV ) B
‘.____ A 31 Y \\.__ B P E! = ___,/"r h]
Fig. Q.11

5.Use nodal analysis to determine the value of current i in the network of Fig. Q.12

4
(1) _
L ___,- ~ -: 2?:
. 3 '
| N}
6A |
(1) =3 6=
Fig. Q.12

Conclusion:

In this topic learner will be able to apply knowledge of KVL.KCL, Star to delta and
Delta to star to solve numerical based on network simplification and it will be used to analyze the

same.

Reference:

[1].Sudhakar, A., Shyammohan, S. P.; “Circuits and Network”; Tata McGraw-Hill New Delhi,2000
[2]. A William Hayt, “Engineering Circuit Analysis” 8th Edition, McGraw-Hill Education 2004
[3]. Paranjothi SR, “Electric Circuits Analysis,” New Age International Ltd., New Delhi, 1996.
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Post Test MCQs:

1. In figure the voltage drop across the 10 Q resistance i1s 10 V. The resistance R
48 V

a.1s6 Q
b.is 8 Q
c.1s4 Q
d.cannot be found

2. The resistance of the circuit shown is figure is

30
5102
20
>0
60 "™
4 0

a. More than 6 Q
b.5Q
c. More than 4 Q
d.Between 6 and 7 Q
3. For the network in figure, the correct loop equation for loop 3 is
602

/_\113
ULJ_ 10 40 J_ 1"'r2

20
EATR N

2

a.-Ii+4L + 1113 =0
b.Ii +4LL+ 11I3=0
c.-Ii -4+ 1113=0
dIi-4L+6I3=0
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4. A Thermister is used for

a. over voltage protection
b. automatic light control
c. temperature alarm circuit
d. none of the above
5.1In figure, E =1 V (rms value). The average power is 250 mW. Then phase angle between
E and Iis

20

a. 90°
b.60°
c. 45°
d. 30°
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Unit-2 NETWORK THEOREM

AIM:
To learn techniques of solving circuits involving different active and passive elements.
Pre-Requisites:

Knowledge of Basic Mathematics — II & Basic Electronics Engineering
Pre - MCQs:

1. What will be the value of Req in the following Circuit?
50 10 0 10 Q2 100

—AM——AN——AMN——AMN—-———-

R
o glﬂﬂ glﬂsl glﬂﬂ upto =

' s

a) 11.86 ohm
b) 10 ohm
¢) 25 ohm
d). 11.18 ohm

2. What will be the value of Va in the following circuit?
3A

30 V 1A

a)-11V
b). 11V
)3V

d)-3V

3. What will be the value of Va in the following circuit?

a) 433V
b) 4.09 V
).8.67V
d)8.18 V
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Network Theorems

Introduction:
Complex circuits could be analysed using Ohm’s Law and Kirchoff’s laws directly, but the
calculations would be tedious. To handle the complexity, some theorems have been developed to
simplify the analysis.

Superposition Theorem

The Superposition theorem states that in any linear bilateral network containing two or more
independent sources (voltage or current sources or combination of voltage and current sources),
the resultant current/voltage in any branch is the algebraic sum of currents/voltages caused by
each independent sources acting alone, with all other independent sources being replaced
meanwhile by their respective internal resistances as shown in Fig. 2.1 (a & b).

Linear L Linear In Linear L
Passive _ Passive + Passive
ESIT Bilateral " g/ Bilateral Bilateral
Network Network Network
- —1— L — 1
—@. Ir = Irl + Ir2
— I — Lo

Fig. 2.1: (a) A Linear bilateral network

(b) The resultant circuit

Dept, of ECE

Procedure for using the superposition theorem

Step-1: Retain one source at a time in the circuit and replace all other sources with their
internal resistances. i.e., Independent voltage sources are replaced by 0 V (short circuit)
and Independent current sources are replaced by 0 A (open circuit).

Step-2: Determine the output (current or voltage) due to the single source acting alone
using the mesh or nodal analysis.

Step-3: Repeat steps 1 and 2 for each of the other independent sources.

Step -4: Find the total contribution by adding algebraically all the contributions due to the
independent sources.

Note: Dependent sources are left intact because they are controlled by circuit variables.

Example:
Use the superposition theorem to find v in the circuit shown in Fig. 2.2.
8 Q
AW

+

()VCi) 1030 G 3A
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Fig. 2.2

Solution: Consider voltage source only as shown in Fig. 2.2(a) (current source 3A is discarded
by open circuit)

Fig. 2.2(a)

v, = 4i, = 4 X (6/12) = 2V

Consider current source only as shown in Fig. 2.2(b) (voltage source 6V is discarded by short
circuit)

AJ'

8Q
AVAAAY

i3
4

40 = v, C* 3A

Fig. 2.2(b)
v, = 4i; = 4 X (3X8/12) = 8V

Total voltage v = vi+v2=10V

Problems

1.

Use the superposition theorem to find I in the circuit shown in Fig. 26

SCSVMV
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Solution:
Consider only 12V source

12
I, 1Q A 50 I; 5 lvl:m:4.2359A

J rl
17Q . [y=—=x4.2359=0.3529A

24(5417)

_ 10
T2l (5+1T)

I =3.382A

x 3.38235 = 0.14706 A

I2= "
14(5+17)

From superposition theorem, I= I,;+12 = 0.5A

2. Use the superposition theorem to find I in the circuit shown in Fig. 27

10 v
y =+
+) =s0 Sis0 (})
120A 404]
s
(el
Fig. 27

Solution:
Consider only 120A source

Using the current divider rule, we get
1)=120 x 50/200= 30 A

(] S50 2150
120A
L i
. S
()
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Consider only 40A source
1>=40 x 150/200= 30 A

S0 150=

Consider only 10V source

10V
+ Using Ohm’s law I3 = 10/200 = 0.05 A

(d)

Using superposition theorem, Since I; and /> cancel out, I=13=0.05 A

3. Find the current i using superposition theorem for the circuit shown in Fig.28

ATAATAY AN
—_—

I

“Q D O

Fig. 28
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Solution:

As a first step in the analysis, we will find the current resulting from the independent voltage
source. The current source is deactivated and we have the circuit as shown in Fig. 28(a)

Applying KVL clockwise around loop shown in Fig. 3.12, we find that
5i1+3i-24=0
iI=3A

30 262

Fig. 28(a)

As a second step, we set the voltage source to zero and determine the current i> due to the
current source as shown in Fig.28(b).

3Q 1 20

- Applying KCL at node 1, we get

0 i, + 7 _T1—3f
C1»> 7A <+> 3 2
_ 2 , 0—r,
and L = =

3

we get , ¥y = —3i,

On substituting for v , we get Iz = —E A
Fig. 28(b)

Thus, the total current i = i; + i> = 3}1

4. For the circuit shown in Fig.29, find the terminal voltage V., using superposition
principle.

10€2

4V 2A "’. b

Fig.29
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Solution:

Consider 4V source

3V, Apply KVL, we get
10€2 i> 4-10x0-3Vaps - Vap1 = 0
i Vavr = 1V
—
i=0
av (*) V.,
o)

Consider 2A source
Apply KVL, we get  -10 X 2 + 3Vap2 + V2= 0
1002 /\\ Va2 = 5V

According to superposition principle, Vipr=Vapri+Vap2 = 6V

Self Assessment

1. Find the current flowing in the branch XY of the circuit shown in Fig.30 by superposition
theorem.

2Q x 1l

‘ 1.33 A 133 A

— 20V 230

= ST 230
1Q 7 Z
— 20V
11.33 A 12.67 A

(Ans: 1.33 A)
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2. Apply Superposition theorem to the circuit of Fig.31 for finding the voltage drop V
across the 5Q resistor.

\6A
A
hATAA
2
1« =
() vss
TRBA L
60 V
;
Fig. 31 (Ans: 19 V)

3. Find the voltage V; for the circuit shown in Fig. 32 using the superposition principle.
ST

0L
\/\/\/\,—@
A <1> 500 v, < 300 0.4i,

Fig. Q32 (Ans: 82.5V)

4. Find I for the circuit shown in Fig. 33 using the superposition theorem.

10

(Ans: 2 A)
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Remarks: Superposition theorem is most often used when it is necessary to determine the
individual contribution of each source to a particular response.

Limitations: Superposition principle applies only to the current and voltage in a linear circuit
but it cannot be used to determine power because power is a non-linear function.

Thevenin’s theorem

In section 2.1, we saw that the analysis of a circuit may be greatly reduced by the use of
superposition principle. The main objective of Thevenin’s theorem is to reduce some portion of a
circuit to an equivalent source and a single element. This reduced equivalent circuit connected to
the remaining part of the circuit will allow us to find the desired current or voltage. Thevenin’s
theorem is based on circuit equivalence.

[ X
; X A4 O
et}
Lilncalr 1% C+> 1% Load
Circuit v Load T\ =
A
o= o
.1', )r‘
Fig.2.3: (a) A Linear two terminal network (b) The Thevenin’s equivalent circuit

The Thevenin’s theorem may be stated as follows:

A linear two—terminal circuit can be replaced by an equivalent circuit consisting of a voltage
source V¢ in series with a resistor R, Where V. is the open—circuit voltage at the terminals and R,
is the input or equivalent resistance at the terminals when the independent sources are turned off
or Ry is the ratio of open—circuit voltage to the short—circuit current at the terminal pair which is
as shown in Fig. 2.3(a & b).

2.2.1 Action plan for using Thevenin’s theorem :

1. Divide the original circuit into circuit A and circuit B
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ol

Original = Circuit 4 - Circuit B
Circuit O
b

In general, circuit B is the load which may be linear or non-linear. Circuit A is the balance of
the original network exclusive of load and must be linear. In general, circuit may contain
independent sources, dependent sources and resistors or other linear elements.

—oa
4 -ﬂ-—.l'?i.

—— ] b

Circuit .

2. Separate the circuit from circuit B
3. Replace circuit A with its Thevenin’s equivalent.
4. Reconnect circuit B and determine the variable of interest (e.g. current ‘1’ or voltage “v’)

RI’ o

—NMNANANNN——O——
R, —_—
o i
v, * Circuit B
v, —

O—

o h h

Procedure for finding R;

Three different types of circuits may be encountered in determining the resistance, R,
(i) If the circuit contains only independent sources and resistors, deactivate the sources and
find R, by circuit reduction technique. Independent current sources, are deactivated by
opening them while independent voltage sources are deactivated by shorting them.

(i1) If the circuit contains resistors, dependent and independent sources, follow the
instructions described below:

(@ Determine the open circuit voltage v, with the sources activated.

(b) Find the short circuit current iz when a short circuit is applied to the terminals a-b

()R, = e

Lop

(111) If the circuit contains resistors and only dependent sources, then

(@ voc = O (since there is no energy source)
(b) Connect 1A current source to terminals a-b and determine v

© R,=2
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For all the cases discussed above, the Thevenin’s equivalent circuit is as shown in Fig. 2.4.

R,

o

Vo=V

O b

Fig. 2.4: The Thevenin’s equivalent circuit
Problems

1. Using the Thevenin’s theorem, find the current i through R = 22 for the circuit shown in
Fig. 34.
l:’

50V <+> 200 R=2Q)

50 40 a

O
b
Fig. 34
Solution:
lCir{:uit A ¢Circui‘r B
777777777777777777777777777777 . R
50 402 a
1
W, : li
1
1
1
! R=2C2
1
1
1
1
1

1
1
1
1
1
:
1
| SOV 2002
1
1
1
1
1
1
1

=0

e — e — — —

Since we are interested in the current i through R, the resistor R is identified as circuit B and
the remainder as circuit A. After removing the circuit B, circuit A is as shown in Fig.34(a).
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5€2 402

D,

[

50V 202
ob
Fig.34(a)
Referring to Fig. 34(a)
—50+251=10
I =24
Hence V,, = V,. = 20(I) = 40V

NETWORK THEORY

To find R, we have to deactivate the independent voltage source. Accordingly, we get the

circuit in Fig.34(b).

562 40
NNNN—2C @
R, =(50||200) + 40 =80
20Q ~—R,
O b
Fig.34(b)
Thus, we get the Thevenin’s equivalent circuit which is as shown in Fig.34(c)
8Q a
—VVWW—O0—
R,=8Q i‘
AYAVA"AY O a
+ 40V <+> g 20
¢ aov(D) ;
b
O b o
Fig.34(c).

Reconnecting the circuit B to the Thevenin’s equivalent circuit as shown in Fig.34(c), we

get
i = 40/10 = 44

SCSVMV
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2. Find Vo in the circuit of Fig.35 using Thevenin’s theorem.

4mA

-

\_/
6k 4k

o
+

+
12V C) Ik 2kQ2 V,,
o

Fig.35
Solution:
To find V. :

Since we are interested in the voltage across 2 kQ resistor, it is removed from the circuit
of Fig.35 and so the circuit becomes as shown in Fig.35(a)

4mA

S
i
6k 4k
12v <+> @ 3k€2 Ve

Fig.35(a)

By inspection, i; = 4mAd

Applying KVL to mesh 2, we get

12— 6k X (i,—i,)—3kXi, = 0

Solving, we get I, = 4mA

Applying KVL to the path 4 kQ -> a-b -> 3 kQ, we get
V,, —4kXi, —3kXi, = 0

On solving, V. = 28V
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To find R¢ :

Deactivating all the independent sources, we get the circuit diagram shown in
Fig.35(b)

0 o0

6kQ 4kQ
L opa
0 i
3k
Fig.35(b)

R, = Ry, = 4k + (6k0||3k0) = 6kn

Hence, the Thevenin equivalent circuit is as shown in Fig.35(c).

6kQ 6kQ 7
AVAVAVAY, o R
+
23v<+> 28V<i> @ 2kQ SV,
b a
O b
Fig.35(¢c) Fig.35(d)

If we connect the 2kQ resistor to this equivalent network, we obtain the circuit of Fig.35(d).
V, =2k Xi=7V
3. Find the Theveni’s equivalent for the circuit shown in Fig.36 with respect to terminals

a-b.

2i
6L) 10€2
/\
- AAAA——O

20V C*) 602

Fig.36
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Fig.36(a)

Solution:

To find V. = Vp:

Applying KVL around the mesh of Fig.36(a), we get
20—6i+2i—06i=10

On solving, i = 24

Since there is no current flowing in 10Q resistor,

V.= 6i=12V

To find R¢ :

Since both dependent and independent sources are present, Thevenin’s resistance is found

. . v
using the relation, R, = —**
ol e

i 2i
60 10Q
AMN—E D> AMN— @

NS
20\?@) i Ilém @ foc'

Fig.36(b)

Applying KVL clockwise for mesh 1 of Fig.36(b), we get
20 — 6iy + 2i —6(i; —i,) =0
Since i =1y — i,

Above equation becomes ~ 10i, — 4i, = 20
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Applying KVL clockwise for mesh 2, we get
10i, + 6(i,— i,) =0
Solving the above two mesh equations, we get
. 120
lg = 17 = ﬁﬂ
Hence R,=-%=13.60

Lo

Self Assessment

1. For to the circuit shown in Fig.37, find the Thevenin’s equivalent circuit at the terminals
a-b.

2A
-
Z

18V
4Q 62

ao a ANM———ANA——O b
N4 A
()
N
10V

Fig.37

(Ans: Voc = 10V, Ry =3.33Q)

2. For the circuit shown in Fig.38, find the Thevenin’s equivalent circuit between terminals

aand b.
D
O r‘f
J
6=
N } Y B
)48 V V 'J*»—J—
-2 % =3
1 o
F ;o
Fig.38 (Ans: Vo =32V, R =4Q)
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3. For the circuit shown in Fig.39, find the Thevenin’s equivalent circuit between terminals
aand b.

— TATATRE AN .

Fig.39 (Ans: Voe = 12V, R =0.5Q)

4. Find the Thevenin’s equivalent circuit as seen from the terminals a-b . Refer the circuit
diagram shown in Fig.40

5Q

o

2i 10€2

|

Fig.40

Hint: Since the circuit has no independent sources, i = 0 when the terminals a-b are open.
Therefore Vo = 0. Hence, we choose to connect a source of 1 A at the terminals a-b then, after

. . . . . v
finding Vb, the Thevenin resistance is, R, = %”

(Ans: Voe =0 ; R(=3.8Q)

Norton’s theorem

Norton’s theorem is the dual theorem of Thevenin’s theorem where the voltage source is
replaced by a current source.

Norton’s theorem states that a linear two-terminal network shown in Fig. 2.5(a) can be replaced
by an equivalent circuit consisting of a current source in in parallel with resistor Rx, where in is
the short-circuit current through the terminals and Rn is the input or equivalent resistance at the
terminals when the independent sources are turned off. If one does not wish to turn off the
independent sources, then Ry is the ratio of open circuit voltage to short—circuit current at the
terminal pair.
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O

Linear Ly R
two-terminal
network

——l ob

Fig.2.5: (a) A Linear two terminal network (b) The Norton’s equivalent circuit

Fig. 2.5(b) shows Norton’s equivalent circuit as seen from the terminals a-b of the original
circuit shown in Fig. (a). Since this is the dual of the Thevenin’s circuit, it is clear that Ry = Ry

. v . . . . .
and £y =—2. In fact, source transformation of Thevenin’s equivalent circuit leads to Norton’s

4 Rr .
equivalent circuit.

Procedure for finding Norton’s equivalent circuit:

(1) If the network contains resistors and independent sources, follow the instructions below:
(a) Deactivate the sources and find Ry by circuit reduction techniques.
(b) Find in with sources activated.

(2) If the network contains resistors, independent and dependent sources, follow the steps
given below:

(@ Determine the short-circuit current i with all sources activated.

(b) Find the open-circuit voltage voc.

w
©R:= Ry= :L:

(3) If the network contains only resistors and dependent sources, follow the procedure
described below:
(a) Note that ix = 0.
(b) Connect 1A current source to the terminals a-b and find vap.

v
(R, = %ﬁ

Note: Also, since v, = v, and iN = isc

12}
R, ™ EDE = By

&0
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Problems

1. Find the Norton equivalent for the circuit of Fig. 41
O d

40

G) 3A 1202

24V

Fig. 41

Solution:

As a first step, short the terminals a-b. This results in a circuit as shown in Fig. 41(a)

o

QO a

®» = |

o b

42

24V

Fig. 41(a)
Applying KCL at node a, we get

(24—0)
—_|_3= ]

4 LS‘G
So i,=9

NETWORK THEORY

To find Rx, deactivate all the independent sources, resulting in a circuit diagram as shown in

Fig. Q41(b). We find Ry in the same way as R in the Thevenin’s equivalent circuit.
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O a
. R.-"."
40 12€2
O b
Fig. 41 (b)
48
Rﬁ," = — = EH
16

Thus, we obtain Norton equivalent circuit as shown in Fig. Q41(c)

O a
9A G) § 30
O b
Fig. 41(c)
2. Find ip in the network of Fig.42 using Norton’s theorem.
2kQ I,
—AMV -
6k 3k
—A\VWV AVAVAYAY
~ ar
A 2kQ 4kQ
Fig. 42

Solution:

We are interested in io, hence the 2 kQ resistor is removed from the circuit diagram of
Fig. Q17. The resulting circuit diagram is shown in Fig. 42(a).
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————Oua o S—
6kQ 3kQ
AVAYAAY
12V CP 2kQ 4kQ
Fig. 42(a)

To find in or is:

Refer Fig. 42(b). By inspection, V; = 12V

Applying KCL at node Va:

Vo — W Vo V-V
114 z4 271
ok 2k 3k

Substituting Vi, wegetV, = 6V

— =

 hoh Koo
tse =T 3k a4k

To find Rn:

V;

6kQ v,

3kQ

A AAAY

2kQ

Deactivate all the independent sources. Refer Fig. 42(c).

I o—
6kQ2 B 3KQ
—AMA——

Fig. 42(c)

R, =R, = 4k || (6k || 2k) + 3k] = 2.12k0
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Hence, the Norton equivalent circuit along with 2 k Q resistor is as shown in Fig. 42(d)

ﬁ{i’
I, *
i ~SmA T) RA~2.12kQ S R=2kQ
o
b
Fig. 42(d)
i ® R,
i,=-2<—2" =257mA
R, +R

3. Refer the circuit shown in Fig.43. find the value of i, using Norton’s equivalent circuit.
Take R = 667 Q.

€00002 20001,
’)
— WM— >

+ .
12V C) 100082 *fﬂ R

Fig.43

O=

o

Solution:
Since we want the current flowing through R, remove R from the circuit of Fig.43. The resulting
circuit diagram is shown in Fig. 43(a).

2000,

6000£2
—AMM— > ox
#iﬁ'ﬁ'
i
12V CD l §IUUOQ

Fig.43(a)

. .o 12
Since 1= 0A, I, =_ —=2mA4
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To find Rn:
The procedure for finding R is same that of R, in the Thevenin equivalent circuit.

= — Foc
R, =Ry =+

L

NETWORK THEORY

To find v,, make use of the circuit diagram shown in Fig.43(b). Do not deactivate any source.

6000C2 20001,
—AAA—<E D O x
\/ N

i
12V C) "l § 1000€2 V= Vge

Fig.43(b)

Applying KVL clockwise, we get
12 — 6000i_, — 2000i_ — 1000i_ = 0

i, =133mA

vDIS

=i, X 1000 =133V

Therefore, R, = 2% = 667V

L

The Norton equivalent circuit along with resistor R is as shown in Fig.43(c)

Dept, of ECE

O =

:

2

-
S

=

-‘.';‘.

?,j

0]
AAAAY

— e —— 2
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Self Assessment:

1. Find Vo in the circuit of Fig.45
4kQ

3KQ 8kQ
—fvvv»——@——fww——g

- ,
6V <> § 6kQ § 2%Q §4k52 Vo

O
Fig. 45 (Ans : Vo =258mV)
2. For the circuit shown in Fig.46, calculate the current in the 6€2 resistance using Norton’s
theorem.
4 2 4V
AR AN —] 1 4
4
' 6
3V I5E
B
Fig.46

(Ans : 0.5A from B to A)

3. Find the Norton equivalent to the left of the terminals a-b for the circuit of Fig.47

5000
— A — 0a
5V C) <_> Vah <+ 10; §25s2 Vab
o
O b
Fig.47 (Ans : isc =100mA, Rn=50Q2)
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Maximum Power Transfer Theorem

In circuit analysis, we are sometimes interested in determining the maximum power that a circuit
can supply to the load. Consider the linear circuit A as shown in Fig. 2.6.

Circuit A R,

Fig. 2.6: A Linear circuit

Circuit A is replaced by its Thevenin’s equivalent circuit as seen from a and b as shown in Fig.

2.7. 2 )

=0

Fig. 2.7: Thevenin’s equivalent circuit is substituted for circuit A
We wish to find the value of the load Ry such that the maximum power is delivered to it.
The power that is delivered to the load is given by

p=i'R, = {R:rx;_}‘ X Ry

Assuming that Vi and Ry are fixed for a given source, the maximum power is a function
of Rr. In order to determine the value of Ry, that maximizes p, we differentiate p with
respect to Rp and equate the derivative to zero.

d o [(R.#Ry V"= 2(R, +R; )
2 _y 2 [ t+Ry Ry ] -0
dRy (Re+Rg )2

which yields E; =R,

*p

d
z < 0
dRy*

To confirm that equation (i1) is a maximum, it should be shown that

Hence, maximum power is transferred to the load when Ry is equal to the Thevenin’s equivalent
resistance R.

The maximum power transferred to the load is obtained by substituting £; = R, in equation (i).
. _ WEimRp £
Accordingly, Ppg. = R
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The maximum power transfer theorem states that the maximum power delivered by a
source represented by its Thevenin equivalent circuit is attained when the load Ry is equal
to the Thevenin’s resistance R..

Problems

1. Find RL for maximum power transfer and the maximum power that can be transferred in
the network shown in Fig. 48.

i -

Fig.48

Solution:

Disconnect the load resistor Ri. and deactivate all the independent sources to find R.. The
resultant circuit is as shown in the Fig.48(a)

2kE2 3kQ2 5k

b

Fig.48(a)

R, =R, = 10K0

For maximum power transfer, 2mA

R, =R, =10KQ

Let us next find Vo or V¢,

5k

Refer Fig.48(b) °r
By inspection,
p =—2mA & i, = 1lmA

Fig.48(b)
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Applying KVL clockwise to the loop 5 kfl = 3kl — 2kl = a — b, we get

On solving, V, = 18V

The Thevenin’s equivalent circuit with load
resistor Ry is as shown in Fig.48(c)

O n

13
[ =——=09m4

20k 8V C) O é.’f;‘—l[]kQ

B, .. =P =(09m)* x 10K = 8.1mW

Fig.48(c)

2. Find the value of Rr for maximum power transfer for the circuit shown in Fig.49. Hence
find Prax.

16V C) (+> 0.9A 3Q Ry

20Q
VY VY "
it 10i;,
A
Fig. 49 - <> oa
16\*’C> G) 0.9A § 30
Solution: -
A VAVAVAY o]
Removing Rp from the original circuit gives us the
circuit diagram shown in Fig.49(a)
Fig.49(a)
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i’ +09-10i',=0

To find Vo :
KCL at node A :

i’ =0.14

Hence,
V,,= 3(11];"&] = 3V

To find Ry, refer Fig.49(b) we need to compute isc with all independent sources

activated.
KCL at node A: 0
a la
— A a
i",+09—10i", =0 <>—o
i"_ =0.14 v
A 0.9A
Hence, i,, = 10i", = 14 tov C-) (D
., 20
R, =2 =30 —AVVV 0,9
E.Sf ’
Hence, for maximum power transfer
RL =R(=3Q. Fig.49(b)
The Thevenin’s equivalent circuit with Ry = 3Q
inserted between the terminals a-b gives the network R30

shown in Fig.49(c). AAAA

II,I-ZE =054 3V (_) G) §R1‘ iQ
6

B . =(05)x3=075W

b

Fig.49(c).
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Self Assessment

1. Find the value of RL for maximum power transfer in the circuit shown in Fig.50. Also

find Pmax.
10V
20 : :
30 R
AVAVAYAY, AVAVA"AY,
20V 50 6A

Fig.50
(AnS: Pmax = 625mW)

2. Find the value of Ry in the network shown in Fig.51 that will achieve maximum
power transfer, and determine the value of the maximum power.

1kE2 1k

Fig.51
(Ans: Ppax = 81mW)

3. Refer to the circuit shown in Fig.52
(a) Find the value of R, for maximum power transfer.
(b) Find the maximum power that can be delivered to Ry.

AN
NS
0 20
AN AN N—

& R, N
200V (ﬁ) l § 200 é/ CD 100V
40 fa 30
AYAYAYAY ANV
Fig.52

(Ans: RL=2.5Q, Pmax = 2250W)
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We have earlier shown that for a resistive network, maximum power is transferred from
a source to the load, when the load resistance is set equal to the thevenin’s resistance with
thevenin’s equivalent source. Now we extend this result to the ac circuits.

Z1 a Ly
o I—I :
Linear <+> Z
. ‘,-'
circuit z "Nz ¢
b b
Fig. 2.8: (a)Linear circuit (b) Thevenin’s equivalent circuit

In Fig. 2.8(a), the linear circuit is made up of impedances, independent and dependent
sources. This linear circuit is replaced by its thevenin’s equivalent circuit as shown in
Fig. 2.8(b).

In rectangular form, the thevenin impedance Z; and the load impedance Zi. are

ztz Rt+-'i|Xt
and Z;, =R, +jX;

The current through the load is
fo_ Ve

Z,+Z; (R.+jX.)+(Ry+jXx.)

The phasors I and V are the maximum values. The corresponding RMS values are obtained
by dividing the maximum values by V2. Also, the RMS value of phasor current flowing in the
load must be taken for computing the average power delivered to the load.

The average power delivered to the load is given by

P—1|f|9R
=3 s

R
B Ve |? 3 o
TR, 4R+ (X, +X,)° L

P

Our idea is to adjust the load parameters Ri. and Xy, so that P is maximum. To do this, we

arp ap
get — and — equal to zero.
BRL EUE"L
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ap _ _lvclzRL(Xc_i'X.f_j
aXl [(Rc-l_ R.f_jz + r-:Xc_" X.’_jz]z

0P V2(R,+R*+(X,+ X,)* — 2R (R,+R))

aRi 2[(Rc+ R.f_:]2+ (Xc+X.f_jz]2

. 8P _ _ . _ .
Setting g 0 gives X, X, (i1)
and setting ;?’; = 0 gives R, =R2+ (X, + X, ) (iif)

Combining equations (ii) and (iii), we can conclude that for maximum average power
transfer, Zi. must be selected such that X; = —X, and E; = R, . That is the maximum average
power of a circuit with an impedance Z; that is obtained when Zy. is set equal to complex
conjugate of Z; .

Setting X; = —X, and R; = R, in equation (i), we get the maximum average power as
V2

p— Vel
SR,

In a situation where the load is purely real, the condition for maximum power transfer is
obtained by putting X; = 0 in equation (iii). That is,

f
R, = ﬁqu + X2 =|Z,]

Hence for maximum average power transfer to a purely resistive load, the load resistance is
equal to the magnitude of thevenin impedance.

Maximum average power can be delivered to Zi only if Z, = Z,",
Z." is the complex conjugate of Zi.

Problems
. Find the load impedance that transfers the maximum power to the load for the circuit
shown in Fig.53
5—j6
10£0° Z
Fig.53
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Z-5-j6
. I 1
Solution: I

We select, £; = Z,"for maximum power transfer.

+
Hence £, =5+ jb 10.£0° C) @ |:| Z,=5+j6

2. For the circuit of Fig.54, what is the value of Z that will absorb the maximum average
power?

—AN— T

I myovr —+
umo»(i) L _j100 [}ZL

Fig.54

Solution:
Disconnecting Zi. from the original circuit we get the circuit as shown in Fig.54(a). The first step
is to find V..

100 j158
—VWW—550 Oda
_I_
V, = Ve = iy X —j10 120/ 0°V C) Q -4 -j10Q v
v, = 2 1o - !
1041510
V. =107.332 — 11657 V 0b
Fig.54(a).
The next step is to find Zi. This requires deactivating the independent voltage source of
Fig.54(b) e j15Q
—0a
Z. = (10 + j15)|| — j10
———j10Q
Z,=8-j140
o b

Fig.54(b)
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The value of Z. for maximum average power absorbed is

Z,=8+j14n

The Thevenin’s equivalent circuit along with Z;. is as shown in Fig.54(c)

Z, =8+ 140

78140

V =107.33 /116.57°V <+> @ |:| Z,-81j14Q

> Q

Fig.54(c)

Self Assessment

1. Find the load impedance that transfers the maximum average power to the load and
determine the maximum average power transferred to the load Zi. shown in Fig.55.
j4Q

[*3

B0 —0—

@ 3 [

O

Fig.55
(Ans: Pmax= 6W)
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2.5 Reciprocity theorem

The reciprocity theorem states that in a linear bilateral single source circuit, the ratio of
excitation to response is constant when the positions of excitation and response are interchanged.

Conditions to be met for the application of reciprocity theorem:

(i) The circuit must have a single source.

(i) Dependent sources are excluded even if they are linear.

(iii) When the positions of source and response are interchanged, their directions should be
marked same as in the original circuit.

Problems

1. In the circuit shown in Fig.57, find the current through 1.375 Q resistor and hence verify
reciprocity theorem.

1.375L2

MWW
0

10V

Solution:

Apply KVL to Fig.57(a)

KVL clockwise for mesh 1: KVL clockwise for mesh 2: KVL clockwise for mesh 3:

2
AYAVAVAY
13750 I 10Q
10
3

Fig.57(a)
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6.3751, — 2I, — 31, =
—21, + 141, — 101,

Using Cramer’s rule, we get [; = —24

Dept, of ECE SCSVMV
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=0
—31, — 101, + 141, = —10
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Verification using reciprocity theorem:

The circuit is redrawn by interchanging the positions of excitation and response. The new circuit is
shown in Fig.57(b)

262

102

Fig.57(b)

l. TELLEGEN*“S THEOREM:

Dc Excitation:

Tellegen‘s theorem states algebraic sum of all delivered power must be equal to sum of all
received powers.According to Tellegen‘s theorem, the summation of instantaneous powers for the n
number of branches in an electrical network is zero. Are you confused? Let's explain. Suppose n number
of branches in an electrical network have i1, 12, i3.... in respective instantaneous currents through them.
These currents satisfy Kirchhoff's Current Law. Again, suppose these branches have instantaneous

voltages across them are v1, v2, v3, vn respectively. Ifthese voltages across these elements satisfy
Kirchhoff Voltage Law then,

n
E Vg = 3;, — O

k=1

vk is the instantaneous voltage across the k™ branch and ix is the instantaneous current flowing through
this branch. Tellegens theorem is applicable mainly in general class of lumped networks that consist of
linear, non-linear, active, passive, time variant and time variant elements.

This theorem can easily be explained by the following example.

W
B NPl = .
> 1 L+ L+
L= 1=
Iz ’f—, Mg Is :i;. W
~ L1 [~ [~
R
Wk A D | F
e >+ /:\...
= 4=
L= Va I = Ve
N , [
— E
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In the network shown, arbitrary reference directions have been selected for all of the
branch currents, and the corresponding branch voltages have been indicated, with positive
reference direction at the tail of the current arrow. For this network, we will assume a set of
branch voltages satisfy the Kirchhoff voltage law and a set of branch current satisfy Kirchhoff
current law at each node.We will then show that these arbitrary assumed voltages and currents
satisfy the equation.

n
k=1

And it is the condition of Tellegen’s theorem. In the network shown in the figure, let vi, v2
and v3 be 7, 2 and 3 volts respectively. Applying Kirchhoff Voltage Law around loop ABCDEA.
We see that v4 = 2 volt is required. Around loop CDFC, vs is required to be 3 volt and around
loop DFED, vs is required to be 2. We next apply Kirchhoff's Current Law successively to nodes
B, C and D. At node B leti; =5 A, then it is required that i =- 5 A. At node C let 13 =3 A and
then 1s is required to be - 8. At node D assume i4 to be 4 then i is required to be - 9. Carrying out
the operation of equation,

We get,
Tx54+2x(=5)+3x3+2x44+3x(-8)+2x(-9)=0

Hence Tellegen’s theorem is verified.

Conclusion:

With help of Network Theorems one can find the choice of load resistance RL that results in
the maximum power transfer to the load. On the other hand, the effort necessary to solve this
problem-using node or mesh analysis methods can be quite complex and tedious from

computational point of view.

Reference:
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Post Test MCQs:

b
z Vel = 0
1.The equation k=1 where vi, v2 ... W are the instantaneous branch voltages and i1, 2> ...
ip are the instantaneous branch currents pertains to

a. Compensation theorem
b. Superposition theorem
c. Tellegen's theorem

d. Reciprocity theorem

2.The reading of the voltmeter in figure will be volt.

le

Good Burnt
200V Lamp Lamp

—H

100
150
0

175

/o o

3.A circuit is replaced by its Thevenin's equivalent to find current through a certain branch. If
V=10 V and Rra = 20 Q, the current through the branch

will always be 0.5 A

will always be less than 0.5 A

will always be equal to or less than 0.5 A
may be 0.5 A or more or less

oo
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4. Given I; =20 A, Vs, =20V, the current I in the 3 Q resistance is given by

1 3
T 4
Ig 2 4 C)vsu
a4 A
b.8 A
c.8A
d, 16 A

5. For maximum transfer of power, internal resistance of the source should be

equal to load resistance

less than the load resistance
greater than the load resistance
none of the above

oo o

6.Tellegen's theorem is applicable to

circuits with passive elements only

circuits with linear elements only

circuits with time invariant elements only

.circuits with active or passive, linear or nonlinear and time invariant or time varying
elements

oo

7. Assertion (A): Millman's theorem helps in replacing a number of current sources in parallel
by a single current source.
Reason (R): Maximum power transfer theorem is applicable only for dc, circuits.

a. Both A and R are true and R is correct explanation of A

b. Both A and R are true and R is not the correct explanation of A
c. .Ais true but R is false

d. A s false but R is true

8. “Any number of current sources in parallel may be replaced by a single current source whose
current is the algebraic sum of individual currents and source resistance is the parallel
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combination of individual source resistances”.
The above statement is associated with.

a. Thevenin’s theorem

b. .Millman’s theorem.

¢. Maximum power transfer theorem

d. None of the above.

9. Superposition theorem can be applied only to circuits having
a. Resistive elements
b. Passive elements
c. Nonlinear elements
d. .Linear bilateral elements

10. A nonlinear network does not satisfy
a. Superposition condition
b. Homogeneity condition
c. Both homogeneity as well as superposition condition
d. Homogeneity, superposition and associative condition.

Dept, of ECE SCSVMV

NETWORK THEORY

Page 78




UNIT III

TWO PORT NETWORKS AND FILTERS DESIGN
AIM:

To analyze the behavior of the circuit’s response in time domain

Pre-Requisites:

Knowledge of Basic Mathematics — II & Basic Electronics Engineering
Pre - MCQs:
1.In figure, the power associated with 3 A source is

3A 1A

a. 36 W
b. 24 W
c. 16 W
d 8W
Answer: Option B
Explanation:
Voltage across 4Q resistance = source voltage = 8V. Power =8 X 3 =24 W.

2. In figure, the value of R should be

Sy
S04 U

102

<

Il
v

10V —Z

a. 0.2Q

b. 0.1 Q

c. 0.05Q

d 0.1Q
Answer: Option B

Explanation:

10
0.1+R

=50orR=0.10
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3. In figure, A is ideal ammeter having zero resistance. It will read ampere.
SA
A
60
40

a.2

b2.5

c.3

d4

Answer: Option C
Explanation:

5x6
o+ 4

I= = 3 A.

INTRODUCTION:

A pair of terminals through which a current may enter or leave a network is known as a port. Two-terminal
devices or elements (such as resistors, capacitors, and inductors) result in one-port networks. Most of the circuits
we have dealt with so far are two-terminal or one-port circuits, represented in Figure 2(a). We have considered
the voltage across or current through a single pair of terminals—such as the two terminals of a resistor, a
capacitor, or an inductor. We have also studied four-terminal or two-port circuits involving op amps, transistors,
and transformers, as shown in Figure 2(b). In general, a network may have n ports. A port is an access to the
network and consists of a pair of terminals; the current entering one terminal leaves through the other terminal so
that the net current entering the port equals zero.

I

—

o

Linear

v network
R =
I
(@

I I,
R -
o—— o
+ +
) Linear v
Vi network 2
o— | —
- —

(b)

Figure 2: (a) One-port network, (b) two-port network.
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A pair of terminals through which a current may enter or leave a network is known as a port. A port is an access
to the network and consists of a pair of terminals; the current entering one terminal leaves through the other
terminal so that the net current entering the port equals zero. There are several reasons why we should study
two-ports and the parameters that describe them. For example, most circuits have two ports. We may apply an
input signal in one port and obtain an output signal from the other port. The parameters of a two-port network
completely describe its behavior in terms of the voltage and current at each port. Thus, knowing the parameters
of a two port network permits us to describe its operation when it is connected into a larger network. Two-port
networks are also important in modeling electronic devices and system components. For example, in electronics,
two-port networks are employed to model transistors and Op-amps. Other examples of electrical components
modeled by two-ports are transformers and transmission lines.

Four popular types of two-port parameters are examined here: impedance, admittance, hybrid, and transmission.

We show the usefulness of each set of parameters, demonstrate how they are related to each other

IMPEDANCE PARAMETERS:

outpuc
port

Tnpuc

Circuit
port 1

e

T,
o
a O ——mmo ¢
Lo
2
l————o
TL

Impedance and admittance parameters are commonly used in the synthesis of filters. They are also useful in the
design and analysis of impedance-matching networks and power distribution networks. We discuss impedance
parameters in this section and admittance parameters in the next section.

A two-port network may be voltage-driven as in Figure 3 (a) or current-driven as in Figure 3(b). From either

Figure 3(a) or (b), the terminal voltages can be related to the terminal currents as

Vi=Z1111+Z121»
V2=7r111+7Z271>

Where the z terms are called the impedance parameters, or simply z parameters, and have units of ohms.

Linear
network

Linear
network

(@) (b)
The values of the parameters can be evaluated by setting I1 = O (input port open-circuited) or Ip = 0 (output port

open-circuited).
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NV A
le —— le = i—

I I-—0 I 1, —0
L =—_ Vo o . N
Zl = = 2 T

I 8 12:0, I I, —0

Since the z parameters are obtained by open-circuiting the input or output port, they are also called the open-

circuit impedance parameters. Specifically,

z11 = Open-circuit input impedance

Z12 = Open-circuit transfer impedance from port 1 to port 2 z»;

= Open-circuit transfer impedance from port 2 to port 1 zx; =

Open-circuit output impedance

We obtain z;; and z»; by connecting a voltage V; (or a current source I;) to port 1 with port 2 open-circuited as

in Figure 4 and finding I, and V»; we then get

I, I, =0
=
N, -+
e 5 I,
v: @& N
. p =
Z1—
I, —
=)
I, =0 I
— E———
-+ N,
Zy>— ; 7
Vi = @ -
- Zon — I:
= >
(B)

Determination of the z parameters: (a) finding z11 and z] (b) finding z12 and z).

Z1,=Vi/li, Z0i=Vo/1y
We obtain z;2 and z22 by connecting a voltage V2 (or a current source I2) to port 2 with port 1 open-circuited as
in Figure 4) and finding I and Vi; we then get

212=Villz, Z1=V/1»

The above procedure provides us with a means of calculating or measuring the z parameters. Sometimes zj] and
772 are called driving-point impedances, while z2] and zj2 are called transfer impedances. A driving-point
impedance is the input impedance of a two-terminal (one-port) device. Thus, z;1 is the input driving-point

impedance with the output port open-circuited, while zp is the output driving-point impedance with the input
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port open circuited.

NETWORK THEORY

When z1] = 722, the two-port network is said to be symmetrical. This implies that the network has mirror like

symmetry about some center line; that is, a line can be found that divides the network into two similar halves.

When the two-port network is linear and has no dependent sources, the transfer impedances are equal (z12 = 721),

and the two-port is said to be reciprocal. This means that if the points of excitation and response are

interchanged, the transfer impedances remain the same. A two-port is reciprocal if interchanging an ideal voltage

source at one port with an ideal ammeter at the other port gives the same ammeter reading.

ADMITTANCE PARAMETERS:

In the previous section we saw that impedance parameters may not exist for a two-port network. So there is a
need for an alternative means of describing such a network. This need is met by the second set of parameters,
which we obtain by expressing the terminal currents in terms of the terminal voltages. In either Figure 5(a) or

(b), the terminal currents can be expressed in terms of the terminal voltages as

1, 2
P | T <l
PR | s
+ +
Yu
X Vi v, =0
Y21
o1 —o

— -

s e

L

+

V=0

I L}
Qe g
01 & 490

(b)

Determination of the y parameters: (a) finding y11 and y21, (b) finding y12 and y2».
L=Y11Vi+Y 12 V2

L=Y21Vi+Y22V2

The Y terms are known as the admittance parameters (or, simply, y parameters) and have units of Siemens

The values of the parameters can be determined by setting V1 = 0 (input port short-circuited) or V2 = 0 (output
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port short-circuited). Thus,

I I,

Y1 — V_l \"2:0‘ Yiz = V_z 5.
I I;

Y21 = Y, e Y22 = Vs e B

Since the y parameters are obtained by short-circuiting the input or output port, they are also called the short-

circuit admittance parameters. Specifically,

y11 = Short-circuit input admittance

y12 = Short-circuit transfer admittance from port 2 to port 1

y21 = Short-circuit transfer admittance from port 1 to port 2

y22 = Short-circuit output admittance

We obtain y11 and y21 by connecting a current I to port 1 and short-circuiting port 2 and finding V1And I».
Similarly, we obtain yj2 and y22 by connecting a current source I to port 2 and short-circuiting port 1 and

finding I and V2, and then getting

This procedure provides us with a means of calculating or measuring the y parameters. The impedance and

admittance parameters are collectively referred to as admittance parameters

HYBRID PARAMETERS:

The z and y parameters of a two-port network do not always exist. So there is a need for developing another set
of parameters. This third set of parameters is based on making V1 and I2 the dependent variables. Thus, we
obtain

Vi =hyly +h2Vs

I; = hyI; + h Vs,
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Or in matrix form,
V] _— 1111 1112 11 e [h] I]
I - hy1 h» V; - Vs,

The h terms are known as the hybrid parameters (or, simply, h parameters) because they are a hybrid
Combination of ratios. They are very useful for describing electronic devices such as transistors; it is much
easier to measure experimentally the /4 parameters of such devices than to measure their z or y parameters. The

hybrid parameters are as follows.

It is evident that the parameters hj1, hi2, h21, and hpy represent impedance, a voltage gain, a current gain, and
admittance, respectively. This is why they are called the hybrid parameters. To be specific,

h11 = Short-circuit input impedance

h12 = Open-circuit reverse voltage gain

hp1 = Short-circuit forward current gain

hp» = Open-circuit output admittance

The procedure for calculating the & parameters is similar to that used for the z or y parameters. We apply a
voltage or current source to the appropriate port, short-circuit or open-circuit the other port, depending on the
parameter of interest, and perform regular circuit analysis.

TRANSMISSION PARAMETERS:

Vil _[A B][ V2
L | |C D||[-L
Since there are no restrictions on which terminal voltages and currents should be considered independent and

which should be dependent variables, we expect to be able to generate many sets of parameters. Another set of

parameters relates the variables at the input port to those at the output port.

Vi=a&Vy—Bl,
I, =CV, -DI
h ﬂ h == M
11 T, \-'2:0~ 12 — WZ = u
Thus, i j B 5 i
1 —_— . 150 —
21 i 22 Vz .
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The above Equations are relating the input variables (V1 and 1) to the output variables (V2 and —I7). Notice that

in computing the transmission parameters, —I is used rather than I, because the current is considered to be

leaving the network, as shown in Figure 6. This is done merely for conventional reasons; when you cascade two-

ports (output to input), it is most logical to think of I, as leaving the two-port. It is also customary in the power —

industry to consider I as leaving the two-port.

Il —12
- —_—

_)— —(_)

- -
Linear "

\ 1 \")
two-port e

O e — O

Terminal variables used to define the ABCD parameters.

The two-port parameters in above equations provide a measure of how a circuit transmits voltage and current

from a source to a load. They are useful in the analysis of transmission lines (such as cable and fiber) because

they express sending-end variables (V1 and I7) in terms of the receiving-end variables (V2 and —I7). For this

reason, they are called transmission parameters. They are also known as ABCD parameters. They are used in the

design of telephone systems, microwave networks, and radars.

The transmission parameters are determined as

B L B= 1

Vs Iz:[). I V=0
| e L

Vz Iz:[). I Va=0

Thus, the transmission parameters are called, specifically,

A = Open-circuit voltage ratio

B = Negative short-circuit transfer impedance

C = Open-circuit transfer admittance

D = Negative short-circuit current ratio

A and D are dimensionless, B is in ohms, and C is in Siemens. Since the transmission parameters provide a

direct relationship between input and output variables, they are very useful in cascaded networks.
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Condition of symmetry:

A two port network is said to be symmetrical if the ports can be interchanged without port voltages and currents
Condition of reciprocity:

A two port network is said to be reciprocal, if the rate of excitation to response is invariant to an interchange of
the position of the excitation and response in the network. Network containing resistors, capacitors and inductors
are generally reciprocal

Condition for reciprocity and symmetry in two port parameters:

In Z parameters a network is termed to be reciprocal if the ratio of the response to the excitation remains

unchanged even if the positions of the response as well as the excitation are interchanged.
A two port network is said to be symmetrical it the input and the output port can be interchanged without

altering the port voltages or currents.

Parameter | Condition for reciprocity | Condition for symmetry
z yi2 v
Y Y
Y 12 21 11 22
mn mn
h 1121 1121
ABCD AD-BC=1 A=D

Interconnecting Two-Port Networks:

Two-port networks may be interconnected in various configurations, such as series, parallel, or cascade
connection, resulting in new two-port networks. For each configuration, certain set of parameters may be more
useful than others to describe the network. A series connection of two two-port networks a and b with open-
circuit impedance parameters Za and Zb, respectively. In this configuration, we use the Z-parameters since

they are combined as a series connection of two impedances.

31 1, L., I

25 s ==
y + - + -

*+ V la — La - ";‘u +
v V.
! 1, Iz -
= Vi, © 7y, T v, -~
o ol

The Z-parameters of the series connection are Z 11=Z711A + Z11B
Or in the matrix form [Z]=[ZA]+[ZB]
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Parallel Connection
[Y]=[YA] +[YB]

Cascade Connection

I I, I, Iy, I 2
I e S I el [ ———  — e —————— 4
v + < |+ + +
, N L O . 2" V| T ' v,

- " la a a — _Vz;, 2
_o—.___—}_.._—._ ) —

RELATIONSHIPS BETWEEN PARAMETERS:

NETWORK THEORY

Since the six sets of parameters relate the same input and output terminal variables of the same two-port

network, they should be interrelated. If two sets of parameters exist, we can relate one set to the other set. Let us

demonstrate the process with two examples.

Given the 7z parameters, let us obtain the y parameters.
Vil _[zu z2][L] _ 2] I
Vz| Lz zZzgz| | I,
FE] . e [V
k)= [v)
L _ [yu yiz| [V - Vi
L™ lya yz]|[Ve Ve

z y n g
y Yi2 Ap hy; 1 g1z
z 7y z — - — — _—
A, A, hy; hy; g g
Yo Yu h;) 1 821 A,
221 Zp —— _ —— — = 3
A, A, hy; h; g gu
z Zy; 1 hy; A, g1z
y S Y Yi = == = s
’ A A. ’ hy, hy, 82 822
Z21 1 hz Ap g2 1
- - vz y e e —_—
A.‘ ll“ h“ 82 2
A, z 1 y 5 "»
h — s s e tE hy, h, £z _Er
Z22 7 Yu Y A, A,
z 1 Y2 A, 21
__J il el h_l ||22 _g' &
72 22 yiu ynu A A
] Zy2 A, yiz hy; h;;
—— —_— —_— _— _— — o,
’ Zy 2y y Yz Ap Ay e -
27 A: Y21 1 h:[ h“
—_ — B —_ - —- )
Zy Zy y Y22 Ay A £l g
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FILTERS

PASSIVE FILTERS:

Frequency-selective or filter circuits pass to the output only those input signals that are in a desired range of
frequencies (called pass band). The amplitude of signals outside this range of frequencies (called stop band) is
reduced (ideally reduced to zero). Typically in these circuits, the input and output currents are kept to a small
value and as such, the current transfer function is not an important parameter. The main parameter is the voltage
transfer function in the frequency domain, Hv (jo) = Vo/Vi. As Hv (jo) is complex number, it has both a
magnitude and a phase, filters in general introduce a phase difference between input and output signals. To
minimize the number of subscripts, hereafter, we will drop subscript v of Hv. Furthermore, we concentrate on

the lopen-loopl transfer functions, Hvo, and denote this simply by H(jo).

Low-Pass Filters:
An ideal low-pass filter's transfer function is shown. The frequency between the pass- and-stop bands is called the cut-off

frequency (oc). All of the signals with frequencies below mc are transmitted and all other signals are stopped.
In practical filters, pass and stop bands are not clearly defined, [H(jo)| varies continuously from its maximum toward zero.
The cut-off frequency is, therefore, defined as the frequency at which [H(jo)| is reduced to 1/42 =0.7 of its maximum value.

This corresponds to signal power being reduced by 1/2 as P x V 2.
Band-pass filters:

A band pass filter allows signals with a range of frequencies (pass band) to pass through and attenuates signals

with frequencies outside this range.

Constant — K Low Pass Filter:

A network, either 7 or \[\pi\], is said to be of the constant-k type if Zj and Z of the network satisfy the relation

Z17Zp = kZ

Where Z1 and Z; are impedance in the T and [pi] sections as shown in Fig. Equation 17.20 states that Z1 and Z»

are inverse if their product is a constant, independent of frequency. k is a real constant, that is the resistance. k is

often termed as design impedance or nominal impedance of the constant k-filter.

19
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The constant k, T or \[\pi\] type filter is also known as the prototype because other more complex networks can
be derived from it. Where Z1 = jor, and Z7 = 1/joc. Hence Z1Z7= \[{L \over C}={k"2}\] which is independent

of frequency

The pass band can be determined graphically. The reactances of Z; and 47, will vary with frequency as drawn
in Fig.30.2. The cut-off frequency at the intersection of the curves Z; and 4Z; is indicated as f.. On the X-axis
as

71 = -47, at cut-off frequency, the pass band lies between the frequencies at which Z; = 0, and Z,=-4Z..

[
|
i

Reactance

All the frequencies above f lie in a stop or attenuation band

The characteristic impedanc;? of a \[\pi\]-network is given by

%z, .
Zy, =21 = (30.5)

Constant K-High Pass Filter:

Constant K-high pass filter can be obtained by changing the positions of series and shunt arms of the networks

shown in Fig.30.1. The prototype high pass filters are shown in Fig.30.5, where Z1 =-j/oc and Z2 = joL.
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2¢ 2¢ c
H' L1} - I‘ 'H
Z, Z = “
2 L g2z, 39 € 22z, 209 2%

(@) {b)
Again, it can be observed that the product of Z; and Z; is independent of frequency, and the filter design obtained will

be of the constant k type. The plot of characteristic impedance with respect to frequency is shown

m-Derived T-Section:

It is clear from previous chapter Figs 30.3 & 30.7 that the attenuation is not sharp in the stop band for k-type
filters. The characteristic impedance, Z¢ is a function of frequency and varies widely in the transmission band.

Attenuation can be increased in the stop band by using ladder section, i.e. by connecting two or more identical
sections. In order to join the filter sections, it would be necessary that their characteristic impedance be equal to
each other at all frequencies. If their characteristic impedances match at all frequencies, they would also have the
same pass band. However, cascading is not a proper solution from a practical point of view. This is because
practical elements have a certain resistance, which gives rise to attenuation in the pass band also. Therefore, any
attempt to increase attenuation in stop band by cascading also results in an increase of _a‘in the pass band. If the
constant k section is regarded as the prototype, it is possible to design a filter to have rapid attenuation in the stop
band, and the same characteristic impedance as the prototype at all frequencies. Such a filter is called m-derived
filter. Suppose a prototype T-network shown in Fig.31.1 (a) has the series arm modified as shown in Fig.31.1

(b), where m is a constant. Equating the characteristic impedance of the networks in us has

Dept. of ECE SCSyMV Page 91




NETWORK THEORY

Z4/2 Zr2 mZ/2 mZy/2
- 1 — 1 e re—
| SR—— | | I - - t I | | -

o
—
—_

™~N

N'ﬁ

(a) (b)

Zor=Zotr

Where Zot is the characteristic impedance of the modified (m-derived) T-network.

Thus m-derived section can be obtained from the prototype by modifying its series and shunt arms. The same

technique can be applied to \[\pi\] section network. Suppose a prototype p-network shown in Fig.31.3 (a) has the

shunt arm modified as shown in Fig.31.3 (b).

n'zla mZﬂ?
| Zaim
| Zy(1-m?)
4m

ra

L 1 L A
[ 3 i - e .
2Z; 243 2Z,/m| | | | 2Zym
- L LJ
f i
-— N . | — .
22
(a) (b)
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The characteristic impedance of the modified (m-derived) \[\pi\]-network

; L
0 - | |
” "Tg 7, W,
4m m 4
_ ZZ
%2 A1)
m 4m
4m* Z,4m
B s e WE, 2
S (0 I )
LT Zy4m, - T e
,“ ‘\-E-Z]_m le'v' = 7
mll—m, ) 1—m
mZ‘
I
| ENS
-

2Z,im | Am. 2. 2Z,/m
1=

> -

The series arm of the m-derived \[\pi\] section is a parallel combination of mZ1 and 4mZp/1-m

m-Derived Low Pass Filter:

NETWORK THEORY

In Fig.31.5, both m-derived low pass T and \[\pi\] filter sections are shown. For the T-section shown Fig.31.5

(a) The shunt arm is to be chosen so that it is resonant at some frequency fx above cut-off frequency f. its

impedance will be minimum or zero. Therefore, the output is zero and will correspond to infinite attenuation at

23
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this particular frequency.

e I
4m
mLi2 mif2 - |
AT T
+ me -—’?fb"w
ol == mef2
é 1-m? sk I
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(a) (b)
ma L = x 12
_—m er
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4
@ = ;
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_ |
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The variation of attenuation for a low pass m-derived section can be verified

B,
i i____.
:!:
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If the shunt arm in T-section is series resonant, it offers minimum or zero impedance. Therefore, the output is
zero and, thus, at resonance frequency or the frequency corresponds to infinite attenuation.
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the m-derived \[\pi\]-section, the resonant circuit is constituted by the series arm inductance and capacitance
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Conclusion:

The two-port network and able to set up at two-port circuit and perform the calculation of
parameters using the measured voltages and currents values. Thus, it is important for us to select the
suitable apparatus and methods for the experiment and be careful and patient when undergoing the
experiment and calculations so that the errors will be minimize. However, it is not necessary for the
experimental results to be perfect matched to the theoretical results because it is impossible, as long the
experimental results are in tolerance range, the results are considered as accurate.
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Post Test MCQs:

1.The two port networks are connected in cascade, the combination is to be represented as a single two-Port network. The parameters
of the network are obtained by multiplying the individual matrix

a. z-parameter

b. h-parameter

C. y-parameter

d. ABCD parameter
2. Two port Z parameter not exist for the circuit if

a.Az=0
b. Az
c. Az=1

d. always exist
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3. The pass band of a constant k filter with Z; and Z» as series and shunt arm impedances is given by

-1 = L_j' < 0
a 4{.2
2< = <1
1< _— <0
c' 4-’_2
0<— <1
d 4;2
4,
A constant k high pass filter has f, = 3000 Hz. At f= 1000 Hz, the phase shift is
a. Zero
b. .T
c. 2T

d. More than TT

5. Which one of the following parameters does not exist for the two port network shown in the
given figure?

1 | i +
_ Vi Vy
a. ABCD
b. Z
c. h
d. y

27
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UNIT -1V
DC TRANSIENT ANALYSIS
Aim
To analyze the behavior of the circuit’s response in frequency domain.
Pre-Requisites:

Knowledge of Basic Mathematics — II & Basic Electronics Engineering

Pre - MCQs:
1.In the circuit of figure the current through 5 Q resistance at £ = 0* is

100
—I\—/\/\/\/

100V = 50 g 0.05 H
a. 0A
b. 10A
C..6.67 A
c. S5.1A
Answer: Option C
Explanation:

Current through inductance is zero. Current through 5 ohm resistance = 6.67A.

2. A variable resistance R and capacitive reactance Xc are fed by an voltage. The current locus is
a. a semi circle in 4th quadrant

b. .a semi circle in first quadrant

c. a straight line in 4th quadrant

d. a straight line first quadrant

3.
The damping coefficient for the given circuit is

L=1H C=1H
R |}

1V R=10

a..1.2
b.1.4
c.3
d.2
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Introduction:

In this chapter we shall study transient response of the RL, RC series and RLC circuits with external DC
excitations. Transients are generated in Electrical circuits due to abrupt changes in the operating
conditions when energy storage elements like Inductors or capacitors are present. Transient response is the
dynamic response during the initial phase before the steady state response is achieved when such abrupt
changes are applied. To obtain the transient response of such circuits we have to solve the differential
equations which are the governing equations representing the electrical behavior of the circuit. A circuit
having a single energy storage element i.e. either a capacitor or an Inductor is called a Single order circuit
and it’s governing equation is called a First order Differential Equation. A circuit having both Inductor and
a Capacitor is called a Second order Circuit and it’s governing equation is called a Second order Differential
Equation. The variables in these Differential Equations are currents and voltages in the circuitas a
function of time.

A solution is said to be obtained to these equations when we have found an expression for the
dependent variable that satisfies both the differential equation and the prescribed initial conditions. The
solution of the differential equation represents the Response of the circuit. Now we will find out the
response of the basic RL and RC circuits with DC Excitation.

RL CIRCUIT with external DC excitation:

Let us take a simple RL network subjected to external DC excitation as shown in the figure. The circuit
consists of a battery whose voltage is V in series with a switch, a resistor R, and an inductor L. The switch is
closed atr =0.

X —Li. RQ
Y A
N

< V L §v,(2)

+
.’_

Fig: RL Circuit with external DC excitation
When the switch is closed current tries to change in the inductor and hence a voltage Vi.(t) is induced across

the terminals of the Inductor in opposition to the applied voltage. The rate of change of current decreases
with time which allows current to build up to it’s maximum value.
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It is evident that the current i(¢) is zero before t=0.and we have to find out current i(¢)for time t >0. We
will find i(#)for time t >0 by writing the appropriate circuit equation and then solving it by separation of
the variables and integration.
Applying Kirchhoff’s voltage law to the above circuit we get :
V=vr(t)+VL(t)
1 (t) = 0 fort <Oand
Using the standard relationships of Voltage and Current for the Resistors and Inductors we can rewrite the above
equationsas
V = Ri+Ldi/dtfort>0

One direct method of solving such adifferential equation consists of writing the equation in such a way
that the variables are separated, and then integrating each side of the equation. The variables in the above
equation are [ and t. This equationis multiplied by dt and arranged with the variables separated as shown below:

Ri. dt+Ldi=V.dt
i.e Ldi= (V —Ri)dt
ieLdi/(V—-Ri) = dt
Next each side is integrated directly to get :
—(L/R) In(V-Ri) =t +k

Where k is the integration constant. In order to evaluate k,an initial condition must be invoked. Prior to t=
0,1(t) is zero, and thusi(0—)=0. Since the current in an inductor can not change by a finite amount in zero
time with out being associated with aninfinite voltage, we havei(0+)=0. Setting i=0 at t=0,inthe above
equation we obtain
=(L/R) In(V) =k

and, hence,

= L/R[In(V-Ri)-1n V]=t
Rearranging we get

In[ (V—-Ri1)/V]=—(R/L)t
Taking antilogarithm on both sides we get

(V-Ri)/V=e R
From which we can see that
i(t) = (V/R)~(V/R)e * for t >0

Thus, an expression for the response valid for all time twould be
i(t)=V/R[1-e™"]

This is normally written as:
i(ty=V/R [1—-e "]

where ‘1’ is called the time constant of the circuit and it’s unit is seconds.
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The voltage across the resistance and the Inductor for t >Ocan be written as :
vr(t) =i(t).R =V [1- et ]
VL(t) = Vv _VR(t) =V-V [1— eft'/‘r ] = V(e*t./r)

A plot of the current i(t) and the voltages vr(t) & vi(t) is shown in the figure below.

0.368V

-y

Fig: Transient current and voltages in the Series RL circuit.
At t = ‘1’ the voltage across the inductor will be
vift) = V(") =V/e=0.36788V
andthevoltageacrosstheResistor willbe r(®) = V[1-e¢™1=0.63212V

The plots of current i(t) and the voltage across the Resistor vr(t) are calledexponential growthcurves and the
voltage across the inductor vi.(t)is called exponential decay curve.

RCCIRCUIT with external DC excitation:

A series RCcircuit with external DC excitation V volts connected throughaswitchis showninthe
figure below. If the capacitor is not charged initially i.e. it’s voltage is zero ,then after the
switch S is closed at time t=0, the capacitor voltage builds up gradually and reaches it’s steady
state value of V volts after a finite time. The charging current will be maximum initially (since
initially capacitor voltage is zero and voltage across a capacitor cannot change instantaneously) and
then it will gradually comedown as the capacitor voltage starts building up. The current and the voltage
during such charging periods are called Transient Current and Transient Voltage.

Y
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L, RQ
VW — Q
T ovgt) T

+

|
|
7 - (-ﬁi vAt)

/

Fig: RC Circuit with external DC excitation
Applying KVL around the loop in the above circuit we can write
V = vr(t) + ve(t)

Using the standard relationships of voltage and current for an Ideal Capacitor we get

ve(t) =(1/C)Jitdt ori(t) = C.[dvc(t)/dt]
and using this relation, vg(t) can be written asv(t) = Ri(t) =R. C.[dvc(t)/dt]
Using the above two expressions for vr(t) and vc(t)the above expression for V can be rewritten as :

V = R. C.[dvc(t)/dt] + ve(t)

Or finallydvc(t)/dt + (1/RC). ve(t) = V/RC

The inverse coefficient of vc(t) is known as the time constant of the circuit T and is given by T = RC and it’s
units are seconds.

The above equation is a first order differential equation and can be solved by using the same method of
separation of variables as we adopted for the LC circuit.

Multiplying the above equation dvc(t)/dt + (1/RC). ve(t) = V/RC
both sides by ‘dt’ and rearranging the terms so as to separate the variables vc(t) and t we get:
dve()+ (1/RC). ve(t) . dt = (V/RC).dt
dve(t) = [(V/RC)—(1/RC). ve(t)]. dt
dve(t) / [(V/RC)=(1/RC). ve(t)] = dt

R.C.dvc(®)/[(V-vc(®)] =  dt
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Now integrating both sides w.r.t their variables i.e. ‘vc(t)” on the LHS and‘t’ on the RHS we get
—RCIn[V —-vc(t)] =t+k
where ‘k‘is the constant of integration. Inorder toevaluatek, aninitial condition must be invoked. Prior to t=0,
ve(t)is zero, and thus vc(t)(0—) = 0. Since the voltage across a capacitor cannot change by a finite amount in zero
time, we have vc(t)(0+)=0. Setting ve(t)=0att =0, intheabove equation we obtain:
—RCIn [V] =k
and substituting this value of k =—RC In [V] in the above simplified equation—RC In [V — vc(t)] = t+ k
we get :
—RCIn[V = ve(t)] =t—RC In [ V]
i.e.—RCIn[V—vc(t)] +RCIn[V] =t i.e. “RC [In {V — vc(t)}— In (V)]=t
ie. [In {V—=vc(t)}]—In[V]} =—t/RC
ie. In [{V- ve(t)}/(V)] = —t/RC
Taking anti logarithm we get[{V — vc(t)}/(V)] = e /X
ie ve(t) = V(1- e *%)
which is the voltage across the capacitor as a function of time .
The voltage across the Resistor is given by tvg(t) = V-ve(t) = V-V(1 - e %) =V, k¢
And the current through the circuit is given by: i(t) = C.[dve(t)/dt] = (CV/CR )e “R=(V/R )e VR

Or the othe other way: ity =wt/R = (Ve ) /R = (V/R)e A

In terms of the time constant Tthe expressions for ve(t) , vr(t)and i(t) are given by :

ve(t) =V(1 — e RO
vr(t) = V.e UR¢

i(t) = (V/R)e "R

The plots of currenti(t) and the voltages across the resistor vr(t)and capacitor vc(t)are showninthe figure below.
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e

O
-~

Fig : Transient current and voltages in RC circuit with DC excitation.
At t = ‘1’ the voltage across the capacitor will be:
ve(t) = V[l—e ™ 1=0.63212V
the voltage across the Resistor will be:

vr(t) = V(™M= Ve = 036788V

and the current through the circuit will be:

i(t) =(V/IR)(e" " =V/R.e

0.36788 (V/R)

Thus it can be seen that after one time constant the charging current has decayed to approximately
36.8% of it’s value at t=0 . At t= 5 t charging current will be

i(5t) =(V/IR) (e ™M =V/R.&® = 0.0067(V/R)

Thisvalueis verysmallcomparedtothemaximumvalueof (V/R)att=0.Thusitcanbeassumedthatthe capacitor
is fully charged after 5 time constants.
The following similarities may be noted between the equations for the transients in the LC and RC
circuits:
e The transient voltage across the Inductor in a LC circuit and the transient current in the RC
circuit have the same form k.(e %)
e The transient current in a LC circuit and the transient voltage across the capacitor inthe RC
circuit have the same form k.(1—e™* ")

ButthemaindifferencebetweentheRCandRL circuitsistheeffectofresistance onthe durationof'the transients.
e In a RL circuit a large resistance shortens the transient since the time constant t =L/R
Becomes small.
e WhereasinaRC circuit alarge resistance prolongs the transient since the time constant t=RC
becomes large.
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Discharge transients: Consider the circuit shown in the figure below where the switch allows both
charging and discharging the capacitor. When the switch is position 1 the capacitor gets charged to
the applied voltage V. When the switch is brought to position 2, the current discharges from the
positive terminal of the capacitor to the negative terminal through the resistor R as shown in the
figure (b). The circuit in position 2 is also called source free circuit since there is no any applied

voltage.
i
1 RQ | vell) |
“«—0 —AM —AM— g
2| (0™ T 2 R |
N ‘ C = vd1) ‘ \ C=v A1)

’ ‘\
B ‘ ) ] \j '
i(z) l | h(0) |
| ]

(a) (b)

Fig: RC circuit (a) During Charging (b) During Discharging

The current i; flow is in opposite direction as compared to the flow of the original charging current
i. This process is called the discharging of the capacitor.The decaying voltage and the current are
called the discharge transients. The resistor ,during the discharge will oppose the flow of current
with the polarity of voltage as shown. Since there is no any external voltage source ,the algebraic
sum of the voltages across the Resistance and the capacitor will be zero (applying KVL) .The resulting
loop equation during the discharge can be written as

Vr(t)+ve(t) =0 or vr(t) = - vc(t)

We know that vr(t) = R.i(t) = R. C.dvc(t) /dt. Substituting this in the first loop equation we get
R. C.dvc(t)/dt + ve(t) = 0

The solution for this equation is given by vc(t) = Ke-' where K is a constant decided by the

initial conditions and T =RC is the time constant of the RC circuit
The value of K is found out by invoking the initial condition vc(t) =V @t =0
Then we get K=V and hence ve(t)= Ve’ ; vr(t) = -Ve'V" andi(t) =vr(t)/R= (-V/R)e

The plots of the voltages across the Resistor and the Capacitor are shown in the figure below.
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Fig: Plot of Discharge transients in RC circuit

Decay transients: Consider the circuit shown in the figure below where the switch allows both growing
and decaying of current through the Inductance . When the switch is position 1 the current through
the Inductance builds up to the steady state value of V/R. When the switch is brought to position 2, the
current decays gradually from V/R to zero. The circuit in position 2 is also called a source free
circuitsince there is no any applied voltage.

+ 74 +
q> L % "[_(1)

Fig: Decay Transient In RL circuit

The current flow during decay is in the same direction as compared to the flow of the original growing
/build up current. The decaying voltage across the Resistor and the current are called the decay
transients.. Since there is no any external voltage source ,the algebraic sum of the voltages across the
Resistance and the Inductor will be zero (applying KVL) .The resulting loop equation during the
discharge can be written as

vr(t)+vL(t) = R.i(t)+L.di(t)/dt=0 and vr(t) = - vL(t)

The solution for this equation is given by i(t) = Ke-'" where K is a constant decided by the
initial conditions and t =L/R 1is the time constant of the RL circuit.

The value ofthe constant K is found out by invoking the initial condition i(t) = V/R @t=0 Then

weget K=V/R and hence i(t)= (V/R).e"" ; vr(t)=R.i(t)=Ve'" and vi(t)=- Ve
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The plots of the voltages across the Resistor and the Inductor and the decaying current through the circuit
are shown in the figure below.
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Fig: Plot of Decay transients in RL circuit

The Concept of Natural Response and forced response:

The RL and RC circuits we have studied are with external DC excitation. These circuits without the external
DC excitation are called source free circuits and their Response obtained by solving the corresponding
differential equations is known by many names. Since this response depends on the general nature of the
circuit (type of elements, their size, their interconnection method etc.,) it is often called a Natural response.
However any real circuit we construct cannot store energy forever. The resistances intrinsically associated with
Inductances and Capacitors will eventually dissipate the stored energy into heat. The response eventually dies
down,. Hence itis also called Transient response. As per the mathematician’s nomenclature the solution of sucha
homogeneous linear differential equationis called Complementary function.

When we consider independent sources acting on a circuit, part of the response will resemble the nature of

the particular source. (Or forcing function) This part of the response is called particular solution. , the
steady state response or forced response. This will be complemented by the complementary function
produced in the source free circuit. The complete response of the circuit is given by the sum of the
complementary function and the particular solution. Inother words:

The Complete response = Natural response + Forced response

There is also an excellent mathematical reason for considering the complete response to be composed of two
parts—the forced response and the natural response. The reason is based on the fact that the solution of any
linear differential equation may be expressed as the sum of two parts: the complementary solution(natural
response) andtheparticular solution(forcedresponse).

Determination of the Complete Response:

Let us use the same RL series circuit with external DC excitation to illustrate how to determine the
completeresponsebytheadditionofthenaturalandforcedresponses. Thecircuitshowninthefigure

Dept. of ECE SCSVMV Page 107




NETWORK THEORY
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Fig:RLcircuit withexternal DCexcitation

was analyzed earlier, but by a different method. The desired response is the current i (¢), and now we first
express this current as the sum of the natural and the forced current,

i=intir
The functional formof the natural response must be the same as that obtainedwithout any sources. We therefore
replace the step-voltage source by a short circuitand call it the RL source free series loop. And i, can be shown
tobe:

ih=Ae R

where the amplitude A is yet to be determined; since the initial condition applies to the complete response,
we cannot simply assume A =i (0). We next consider the forced response. In this particular problem the forced
response is constant, because the source is a constant Vfor all positive values of time. After the natural
response has died out, there canbe no voltage across the inductor; hencetheall ythe applied voltage V appears
across R, and the forced response is simply

ir=VIR

Note that the forced response is determined completely. There is no unknown amplitude. We next combine
the two responses to obtain :
i=Ae "+ V/R
And now we have to apply the initial condition to evaluate A. The current is zero prior to ¢ = 0,and it cannot
change value instantaneously since it is the current flowing through an inductor. Thus, the current is zero
immediately after r =0, and
A+V/R=0
Sothat
A=-V/R

And i=(V/R)(1-e™

Note carefully that A is not the initial value of i, since A =—V/R, while i (0) = 0.

But In source-free circuits, A would be the initial value of the response given by i,= Ioe " ( where I

=A is the current at time t=0 ). When forcing functions are present, however, we must first find the initial value of

the complete response and then substitute this in the equation for the complete response tofind A. Thenthis value
of Ais substitutedin the expression for the total response i
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A more general solution approach:

The method of solving the differential equation by separating the variables or by evaluating the complete
response as explained above may not be possible always. In such cases we will rely on a verypowerful
method, the success of which will depend upon our intuition or experience. We simply guess or assume a
form for the solution and then test our assumptions, first by substitution in the differential equation, and
then by applying the given initial conditions. Since we cannot be expected to guess the exact numerical
expression for the solution, we will assume a solution containing several unknown constants and select the
values for these constants in order to satisfy the differential equation and the initialconditions.

Many of the differential equations encountered in circuit analysis have a solution which may be
represented by the exponential function or by the sum of several exponential functions. Hence Let us assume a
solution for the following equation corresponding to a source free RL circuit

[di/dt+ (Ri/L)]=0

inexponential formas
i=Ae"
where A ands1 are constants to be determined. Now substituting this assumed solution in the original governing
equation wehave:
A.sl.e"+ A" . RIL=0

Or

(s1 +R/L). Ae’'=0

In order to satisfy this equation for all values of time, it is necessary that A =0, or sl =—o0, ors1 =—R/L. Butif A=
Oorsl=—oo,then every responseiszero;neithercanbeasolutiontoourproblem. Therefore, we must choose
sl =-R/L
And our assumed solution takes on the form:
i(t)=Ae ™"

The remaining constant must be evaluated by applying the initial condition i(0) =Iy. Thus, A =1y, and the final
form of the assumed solution is(again):
it =Le™"

A Direct Route: The Characteristic Equation:

Infact, thereis a more direct route that we can take. To obtain the solution for the first order DE we solveds] +
R/L=0 which is known as the characteristic equation and then substituting this value of s/=- R/Lin the assumed
solution i (t) = A.¢’'* which is same in this direct method also. We can obtain the characteristic equation
directly from the differential equation, without the need for substitution of our trial solution. Consider the
general first-order differential equation:

a(d f/dt) + bf = 0

where a andbare constants. We substitute s for the differentiation operator d/dt in theoriginal
differential equation resulting in
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a(df/dt) + bf =(as+b) f=0
From this we may directly obtain the characteristic equation: as + b=0
which has the single root s = —b/a. Hence the solution to our differential equation is then given by :
f=Aehbn

This basic procedure can be easily extended to second-order differential equations which we will
encounter for RLC circuits and we will find it useful since adopting the variable separation method is quite
complex for solving second order differential equations.

RLC CIRCUITS:

Earlier, we studied circuits which contained only one energy storage element, combined with a passive network
which partly determined how long it took either the capacitor or the inductor to charge/discharge. The
differential equations which resulted from analysis were always first-order. In this chapter, we consider more
complex circuits which contain both aninductor and a capacitor. The resultis a second-order differential equation
for any voltage or current of interest. What we learned earlier is easily extended to the study of these so-called
RLC circuits, although now we need two initial conditions to solve each differential equation. There are two types of
RLC circuits: Parallel RLC circuits and Series circuits .Such circuits occur routinely in a wide variety of
applications and are very important and hence we will study both these circuits.

Parallel RLC circuit:
Let us first consider the simple parallel RLC circuit with DC excitation as shown in the figure below.
_i’
A ¥
e,
+W()—
vall

+* R £ +

(v vel) Z=C 13 vi(0)
) id0Y i

Fig:Parallel RLC circuit with DC excitation.

For the sake of simplifying the process of finding the response we shall also assume that the initial current in
the inductor and the voltage across the capacitor are zero. Then applying the Kirchhoff’s current law
(KCL)(i=ic+iL )tothecommon node we get the following integral differential equation:

t
(V-v)/R = 1/L] vdt’ +C.dv/dt
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t
V/R = v/R+1/L{ v’ +C.dv/dt

Where v = v¢(t) = vi(t) is the variable whose value is to be obtained .
Whenwedifferentiatebothsides of theabove equationonce withrespecttotime we getthe standard Linear
second-order homogeneous differential equation

C.(d*v/d)+ (1/R).(dv/dt)+ (1/L).v=0 (d*v/dt*)+
(1/RC).(dv/dt)+(1/LC).v=0
whose solution v(t)is the desired response. This
can be written in the form:
[s* + (1/RC)s + (1/LO)].v(t) =0

where ‘s’ is anoperator equivalentto (d/dt) and the corresponding characteristic equation(asexplained earlier as a
direct route to obtain the solution) is then given by :

[s*+ (1/RC)s + (1/LC)] =0

Thisequationisusuallycalledthe auxiliary equationorthe characteristic equation, aswediscussed earlier .If it can
be satisfied, then our assume dsolution is correct. This is a quadratic equation and the roots s1 and s>are given as

s;= — 1/2RC+V[(1/2RC)*- 1/LC] so=
~1/2RC[ (172RC)*- 1/1C |

And we have the general form of the response as :
v(t) = Ae’!'+ A

wheres;ands,aregivenbytheaboveequations and A;andA,aretwoarbitraryconstants whichare to be
selected to satisfy the two specified initial conditions.

Definition of Frequency Terms:

The form of the natural response as given above gives very little insight into the nature of the curve we might
obtainif v(¢)wereplotted as afunction of time. Therelativeamplitudes of A1 and A2, forexample, will certainly
be importantindetermining theshapeoftheresponsecurve. Further the constantss1 and s2 can be real numbers
or conjugate complex numbers, depending upon the values of R, L, and Cin the given network. These two cases
will produce fundamentally different response forms. Therefore, it will be helpful to make some simplifying
substitutions in the equations for s1 and s2.Since the exponents s1fand s2¢ must be dimensionless, s1 and s2 must
havetheunit of some dimensionless quantity “per second.” Hence in the equations for s1 and s2 we see that the
units of 1/2RC and LALC must also be s '(i.e., seconds ). Units of this type are called frequencies.

Now two new terms are defined as below :
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00 = 1/7LC
whichis termedas resonantfrequency and

a=1/2RC
which is termed asthe exponential damping coefficient

a the exponential damping coefficient is a measure of how rapidly the natural response decays or damps out to its
steady, final value(usually zero). Ands, 1, and s,, are called complexfrequencies.

We should note that s, s2, a, and o are merely symbols used to simplify the discussion of RLC circuits. They are
not mysterious new parameters of any kind. It is easier, for example, to say “alpha” thanitis to say “the
reciprocal of 2RC.”

Now we can summarize these results.

The response of the parallel RLC circuit is given by :

V(t)=AleSl[+AzeS2[ .............. [1]
where
81:_(1‘1'\/(127(,002 ....................... [2]
52:_(1_\/(12*(,002 ........................ [3]
O=1/2RC oo, [4]
and
w0=1/\LC........... [5]

Ajand A,must be found by applying the given initial conditions.
We note three basic scenarios possible with the equations for s1 and s2 depending on the relative values of a
and o (which are in turn dictated by the values of R, L, and C).

Case A:

o> ®0,i.e when (1/2RC)*>1/LCs; and s, will both be negative real numbers, leading to what is referred to as an
over damped response given by :
v(t) = Aet'+ Ase®™

Since s; and s;are both negative real numbers this is the (algebraic) sum of two decreasing exponential terms.

Sinces2isalargernegativenumberitdecaysfasterandthentheresponseisdictatedby thefirst term Ae’ .

Case B :
o = o, ,i.e when (1/2RC)*=1/LC , s; and s,are equal which leads to what is called a critically damped response
given by :

v(t) = e "(Ait + Ay)

Case C:
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o < 0,i.e when (1/2RC)*<1/LCboth s; and s, will have nonzero imaginary components, leading to what is known
as an under damped response given by :

v(t) = e “(A; cosmgt + Az sinwgt)
where wqis called natural resonant frequency and is given given by:
wa = Voo™ o

We should also note that the general response given bythe above equations [1] through [5] describe notonly the voltage
butall three branch currents in the parallel RLC circuit; the constants A; and As will be different for each, of course.

Transient response of a series RLC circuit:

Fig: Series RLC circuit with external DC Excitation
Applying KVL to the series RLC circuit shown in the figure above at t= 0 gives the following basic
relation :

V= VR(t) + ve(t ) + VL(t)

Representing the above voltages in terms of the current iin the circuit we get the following integral differential
equation:

Ri + 1/C[idt + L. (di/dt)= V
Toconvertitintoa differential equationitis differentiated on bothsides withrespect totimeand we get
L(d%/dt*)+ R(di/dt)+ (1/C)i= 0

This can be written in the form
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[S%+ (R/L)s + (1/LC)].i =0 where ‘s’ is an operator equivalent to (d/dt)
And the corresponding characteristic equation is then given by
[s*+(R/L)s + (1/LC)] =0
This is in the standard quadratic equation form and the roots s;ands, are given by
s1,8 = R/2L==\I(R2L)*- (1/10)]= —0. 2=\lo2- o)

Where o is known as the same exponential damping coefficient tand wois known as the same Resonant frequency
as explained in the case of Parallel RLC circuit and are given by :
a=R/2L and o= 1/VLC

and A; and A,must be found by applying the given initial conditions.

Here also we note three basic scenarios with the equations fors1 and s2 depending on the relative sizes of o and wo
(dictated by the values of R, L, and C).

Case A:
o> ®0,i.e when (R/2L)*>1/LC , s; and s, will both be negative real numbers, leading to what is referred to as an
over damped response given by :
() = Are™'+ Ae™
Since s; and s,are both be negative real numbers this is the (algebraic) sum of two decreasing exponential terms.

Sincs2isalarger negative numberit decays faster and thentheresponseis dictated by thefirst term A;e* "

Case B :
o = o, ,i.e when (R/2LY*=1/LCs; and s,are equal ~ which leads to what is called a critically damped response
given by :

i(t)=e“(Ait+ Az)
Case C:
o < ©0,i.e when (R/2L)*<1/LC both s; and s, will have nonzero imaginary components, leading to what is known as
an under damped response givenby :

i(t) =e ™(Ajcoswgt + A;sinwgt)

wherewqis called natural resonant frequency and is given given by:

wa = Voo’ o

Here the constants A;and Az have to be calculated out based on the initial conditions case by case.
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Summary of the Solution Process:

In summary, then, whenever we wish to determine the transient behavior of asimple three-element
RLCcircuit, we must first decide whether it is a series or a parallel circuit, so that we may use the correct
relationshipfor a. The two equations are

a=1/2RC (parallel RLC)

a=R/2L (series RLC)

Our second decision is made after comparing o with wo, which is given for either circuit by
o= 1 ALC

o Ifo> 00, the circuit is over damped, and the natural response has the form

fat)=Ae’ + A’ 5,
where
2= —o 2=\ dP-od)

e Ifa=wmy, then the circuit is critically damped and
fa(t) = e “(Alt + A2)
e Andfinally, ifa < ®0, then we are faced with the underdamped response,

fo(t) = e (A cosmq t + Az sinwqt)
where
o=V(w— o)

Solution using Laplace transformation method:

In this topic we will study Laplace transformation method of finding solution for the differential
equations that govern the circuit behavior. This method involves three steps:
o Firstthe given Differential equationis convertedinto “s” domain by taking it’s Laplace transform
and an algebraic expression is obtained for the desired variable
e Thetransformed equation is split into separate terms by using the method of Partial fraction
expansion
e Inverse Laplace transform is taken for all the individual terms using the standard inverse
transforms.
The expression we get for the variable in time domain is the required solution.

For the ease of reference a table of important transform pairs we use frequently is given below.
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Table of Important Transform pairs

J(t) (Function) F(s) (Laplace Transform) |
u(r) (unit step) /s
A(r) (unit impulse) 1
1
i € (s+a)
w
sin (sz +a)2)
s
cos wt 2+ o?)
0]
e “sin ax (s+a)’ + o’
(s+a) ‘
e cos ox (s+a) +@’ 1
[ ( l/S2
——-——-df(’) sF(s) :
! dt
[ sy F(s)s

This methodis relatively simpler compared to Solving the Differential equations especially for higher order
differential equations since we need to handle only algebraic equationsin ‘s’ domain.
This method is illustrated below for the series RL,RC and RLC circuits.

Series RL circuit with DC excitation:
Let us take the series RL circuit with external DC excitation shown in the figure below.

+ -
() V L v (1)

Fig: RL Circuit with external DC excitation

The governing equation is same as what we obtained earlier.

V = Ri+Ldi/dt for t >0
Taking Laplace transform of the above equation using the standard transform functions we get
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V/s = RIE)+ L[sI(s) —(0)]

Itmaybenoted herethati(0)is theinitial value of the currentatt=0and sincein our caseat t=0just when the
switchis closed it is zero , the above equation becomes:

V/s = RI@)+ L[sI(s)] = I(s)[R+L.s]

vV
f . A B . . .
Or I(s) = [ = — + % (Expressing in the form of Partial fractions)
sis¢ ] 5 Bt TT
L
it o
_ (
Where A = [—LE- =0 = VR andB= [L]=—@®1)=-VR
s+ §
Nowsubstitutingthese values of Aand Bintheexpressionfor I(s) =— + g we get
$ o+
L
V/R
I(s) = YR
§ [s+z}

Taking inverse transform of the above expression for I(s)using the standard transform pairs we get the
solution for i(t) as

i(t) = (V/R) = (V/R).e "® = (V/R)(1-e ®*M1)
Which is the same as what we got earlier by solving the governing differential equation directly.
RC Circuit with external DC excitation:

Let us now take the series RC circuit with external DC excitation shown in the figure below.

>gc' i , RQ

DY (ipw)

Fig: RC Circuit with external DC excitation

The governing equation is same as what we obtained earlier and is worked out again for easy understanding :
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Applying KVL around the loop in the above circuit we can write:
V = vr(t) + vc(t)
Using the standard relationships of voltage and current for an Ideal Capacitor we get
ve(t) = (1/C)fiigdt ori(t) = C.[dve(t)/dt]
(Assuming that the initial voltage across the capacitor v(0) =0)
and using this relation, vg(t) can be written asvg(t) = Ri(t) =R.C.[d vc(t)/dt]
Using the above two expressions for vg(t) and vc(t)the above expression for V can be rewritten as :

V = R C.[d ve(t)/dt] + ve(t)

Now we will take Laplace transform of the above equation using the standard Transform pairs and rules:

V/s = R.Cs.ve(s) + ve(s)

V/s = ve(s) (RCs.+1)

ve(s) = (V/s)/ (RCs+1)

ve(s) = (V/RC)/[s. (s+ 1/RC)]
Now expanding this equation into partial fractions we get
ve(s) = (V/RC)/[s.(s+1/RC)] = A/s+B/(s+1/RC) --------- (1)
Where A =(V/RC)/ (1/RC)] =V andB = (V/RC)/ -(1/RC)] = -V
Substituting these values of A and B into the above equation (1) forve(s)we get
ve(s) =(V/s)-[V/(s+1/RC)] = V[(1/s)—{1/(s+1/RC)}]
And now taking the inverse Laplace transform of the above equation we get
ve(t) = V(1 — e RO

whichisthevoltageacrossthecapacitorasafunctionoftime andisthesameas what weobtained earlier by
directly solving the differentialequation.

And the voltage across the Resistor is given by v(t) = V-ve(t) = V-V(1- e RC) =y RC
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And the current through the circuit is given by i(t) = C.[dvc(t)/dt] =(CV/RC )e TRC(V/R )e VRC

Series RLC circuit with DC excitation:

| (
= +| \=

[ + '
| + Ve(?) vd?) +
| (LD 4 v ()L

Fig: Series RLC circuit with DC excitation

The current through the circuit in the Laplace domain is given by :

(VIs)

Is)= ——
®) (R+Ls +1/Cs)
[since L [V ] = V/sand the Laplace equivalent of the series circuit is given by Z(s) = (R +Ls + 1/Cs) ]

= V/ (Rs+L&+1/C) = (V/L)/[+RA)s+ 1/IC] = (VIL) (stalsth)

Where the roots ‘a’ and ‘b’ are given by
a= —R/2L +V(R/2L- 1/LC andb=
~R/2L -V (R/2L)- 1/1C
It may be noted that there are three possible solutions for for I(s) and we will consider them.

Case A: Both aand b are real and not equal i.e. (R/2L) > INLC

(VIL) _ K1 K2
Then I(s) canbe expressedas Is) =——— = +
(s+a)(s+h) (s+a) (stb)
WhereKl =[ el Jg=—a - Qb
(s+h)
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(VIL)

(s+a)

(VIL)(a—b)

Where K2 =[ ]s=-b =

Substituting these values of K1 and K2 in the expression for I(s) we get :

(VL) (VL) 1 (VIL) 1
§) = = + and
(s+a)(s+h) (b—a) (s+a) a—b)  (sth)

sy — (VL) —at (VL) —bt
i(0) = e + e
(b—a) (a—b)

CaseB: Bothaandbarerealandequali.e.(a=b=c)i.e.(R/2L) = 1IN LCIGs)
=(V/L)/ (s+c)’whena=b=c and

i = (V/).te“

Case C : Both a and b are complexconjugates i.e.a = b* when (R/2L) < 1/N LC

Adopting our standard definitions of o= R/2L @ =1/VLCand o o= (0~ o)

Theroots aandbaregivenby a=a+ jogand b = a—jog
(VL) K3 (s+a K3+
Then I(s) canbe expressedas I(s) = = +
(Sta od (S+a+jod)  od) (s+a + wd)
HereK3=(s+a—jwd).I(s) | s=—a+jod = B s a+jod = o
od) 2jod
Therefore: K3= %and K3%=— M
Zjod 2jwd

Now substituting these values K3 and K3* in the above expanded equation for I(s) we get

I(S) _ (VIL) 1 (s+o— —(WI.‘) 1 (sto+
2iwd  jwd) 2i0d  jod)

And now taking inverse transform of I(s) we get

l(t) — (Vi et ejmdt_(w[‘)_ e o —jod t
2iwd 2jwd

(VIL)

w

i(t) =

e—at [ (ejcod t_e —jod t)/2J]
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(VIL)

i(t) =

e Sinmgt

wd

Summary of important formulae and equations:
RL circuit with external DC excitation ( Charging Transient ) :

e i(t)=VR[l-e"]
o ViD=V ("
e W) =it R=V[I-e""]

Source free RL circuit ( Decay Transients) :

e i(t)=(V/R).e"" ; vr(t) = Rii(t)= Ve  and vi(t) = - Ve "

RC circuit with external DC excitation ( Discharge Transients ):
o ve(t)=V(1 —e R
o W)= V.e X
e i) =(V/R)e™
Source free RC circuit ( Discharge transients) :
e vo(t)= Ve"; ()= -Ve andi(t) =vr(t)/R= (-V/R)e*
SeriesRLCcircuit: Forthiscircuit threesolutionsarepossible:
1. a>w0,i.ewhen(R/2L)*>1/LC,s;ands;willbothbenegativereal numbers, leadingtowhatis referred

to as an over damped response given by :
i()=Ar+ A’

2. a=ay,,i.ewhen(R/2L)*=1/LCs; and s; are equal which leads to whatis called a critically damped
response given by :
i) =e"(Ait+ Ar)
3. 0<w0, i.e when(R/2L)*<1/LCboths; and s, will have nonzeroimaginary components, leading to what
is known as an under damped response givenby :
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i(t)=e “(Ajcosmat + A;sinmgt)
where :

e o =(R/2L) andis called the exponential damping coefficient
e  ©0=1/+LCandis called the resonant frequency
o a=wo™ o’and is called the natural resonant frequency

[Mustrative Examples:

Example 1:Find the current in a series RL circuit having R =2Q and L = 10H when a DC voltage V
of 100V is applied. Find the value of the current 5 secs. after the application of the DC voltage.

Solution: Thisisastraightforward problemwhichcanbesolved byapplyingthe formula. First let us
find out the Time constant 7 of the series LR circuit which is given by 1 =L/R secs.

1=10/2 =5 secs
The current in a series LR circuit after the sudden application of a DC voltage is given by :
i(t) =V/R(1—-e ")
i(tyat5 secs = 100/2(1—-e>P) =5(1-e') = 50(1-1/e) = 31.48

itJat 5 secs = 3148 Amps

Example2: AseriesRLcircuithasR=25QandL=5Henry. Adcvoltage V of100Visappliedto this
circuit at t =0 secs. Find :

(@) The equations for the charging current , and voltage across R & L

(b) The current in the circuit 0.5 secs after the voltage is applied.

(c) Thetime at which the drops acrossR and L are equal.

Solution: The solutions for (a) and (b) are straightforward as in the earlier problem. (a)7ime
constant tof the series LR circuit which is given by t=L/R secs
1=5/25 =1/5 secs
e The charging current is given by i(t) = V/R(1 —e %)

Itisalso givenbyi(t) = I(1—e " ) wherelis the final steady state current and is equal to V/R

=100/25 (1 —e ") =4 (1-e %) Amps
i()=4(1-e ) Amps
e The voltage across R is givenby vr=i(t).R = V/R(1—- e ")R=V(l-e™)
vr= 100 (1—e )
e The voltage drop across L can be found in two ways.
1. Voltage across Inductor vi, =L di/dt
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2. Voltage across Inductor v =V —vr
But it is easier to find using the second method. - vi,= 100 -- 100 (1—e ")
vo=100. e

(b) At time t= 0.5 secsi(t) =4 (1€’ ') =4 (1 —e ~ *°) = 3.67 Amps

(c) To find out the time at which the voltages across the Inductor and the Resistor are equal we can
equate the expressions for vg = 100 (1—e ') and v, = 100.e ' and solve for t. But the simpler
method is, we know that since the applied voltage is 100 V the condition vg =viwill also be
satisfiedwhenvr =v.=50V. i.e vk=100(1—e ') = 50voltsand vp.=100.e ' = 50V. We will solve
the second equation [ vi = 100.e > = 50V ] to get t which is easier.

e '=50/100=0.5.
Taking natural logarithm on both sides we get:
--5t In(e) =In0.5 1e --5t.1 =-0.693 1ie t=0.693/5=0.139secs

=~ The voltages across the resistance and the Inductance are equal at time t = 0.139 secs
Example 3: In the figure shown below after the steady state condition is reached , at time t=0 the

switch Kis suddenly opened. Find the value ofthe current through the inductor at time t =
0.5 seconds.

5 40 Q
~—_ 100V gzm Q
4H

®-
d F

Solution: The current in the path acdb ( through the resistance of 40 Q alone) is 100/40 =
2.5Amps.( Both steady state and transient are same )

Thesteady state currentthroughthe pathaefb (throughtheresistance of40 Q2 and inductance of 4H ) is
also = 100/40 = 2.5 Amps.

Now when the switch K is suddenly opened, the current through the path acdb( through the
resistance of 40 Q alone) immediately becomes zero because this path contains only resistance. But the
current through the inductor decays gradually but now through the different path efdce The decay
current through a closed RL circuit is given by I.e ~"/*where I is the earlier steady state currentof2.5
amps through L and t1=L/R of the decay circuit. It is to be noted carefully here that in the decay path
bothresistors are there and hence R =40+40 = 8022

Hence = L/R = 4/80 = 0.05 secs
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Hence the current through the inductor at time 0.5 secs is given by i(t) @o.5secs=2.5.¢ ~ %>/ 95

i.e l(t) @(0.5secs — 2.5.6 - 10

i.e l(t) @0.5secs— 1. 14X10 -4 Amps
Example 4: Inthe circuit shownbelow the switchisclosed to position 1 attime t=0secs. Then at time t
= 0.5 secs the switch is moved to position 2. Find the expressions for the current through the

circuit from0to 0. 5 msecs and beyond 0. 5 msecs.

Solution: The time constant t of the circuit in both the conditions is same and is given by T = L/R
=0.5/50 =0.01 secs

1. During the time t=0 to 0.5 msecs. i(t) is given by the standard expression for growing current
through a L R circuit: i(t)during0t00.5 msees = V/R (1—e V%)

i(t)during 0t00.5msecs = V/R (1—e /001 ) Amps
And the current i(t) @ = 0.5 msecs= 10/50 ( 1-- ¢ ~ 01037001y =0 2 (1 — 709 ) =9.75 mA

i(t) @t=0.5msecs=9.75 mAandthiswouldbetheinitial currentwhenthe switchismovedto position 2

2. During the time beyond 0.5 msecs ( switch is in position 2): The initial current is 9.75 mA . The
standard expression for the growing currenti(t) = V/R ( I—e*”") is not applicable now since it has
been derived with initial condition of i(t) =0 at t=0 where as the initial condition for the current i(t)
now in position 2 is 9.75 mA . Now an expression for i(t) in position 2 is to be derived from first
principles taking fresh t=0 and initial current 1(0) as 9.75mA.
The governing equation in position 2 is given by :

50i+0.5di/dt = 5
We will use the same separation of variables method to solve this differential equation. Dividing the
above equation by 0.5, then multiplying by dt and separating the terms containing the two variables i
and t we get:
100i + di/dt = 10 i.e 100i.dt +di = 10.dt i.e di =dt ( 10 — 1001 ) i.e di/ ( 10 — 1001 ) = dt Now
integrating on both sides we get

--1/100In (10--100i) = t +K---------m-m-mm-- (1)
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The constant K is now to be evaluated by invoking the new initial condition i(t) = 9.75 mAat t =0
--1/100In(10-100x9.75X107%)  =K= --1/1001n( 10-0.975) =--1/100 In (9.025)

Substituting this value of K in the above equation (1) we get
--1/100 In ( 10 -- 1001 ) =t --1/100 In (9.025)
--1/100 In ( 10 -- 1001 ) + 1/100 In (9.025) =t
--1/100 [In ( 10 -- 1001 ) -- In (9.025)] =t
--1/100 . In [ ( 10 -- 1001 ) / (9.025)] =t
In [( 10 -- 1001 ) /(9.025)] = --100t
Taking antilogarithmtobasee onbothsides we get:
(10--1001)/(9.025)] =e 100 (
10--100i) = 9.025xe™'%% (
10--9.025xe71%%) = 100i
i=(10--9.025 x &%)/ 100 = 10/100 -- 9.025 x &1 /100

And finally i = 0.1 ~0.09. &1

The currents during the periods t = o to 0.5 mses and beyond t = 0.5msec are shown in the figure
below. Had the switch been in position 1 all through, the current would have reached the steady state
value of 0.2 amps corresponding to source voltage of 10 volts as shown in the top curve. But since the
switchis changed to position 2 the current changed it’s path towards the new steadystatecurrentof0.1
Ampscorrespondingthenew sourcevoltageof5 Voltsfrom(.5 msecs onwards.

Amp(l) —

i | i e

t(se\c.) -

Example 5: In the circuit shown below the switch is kept in position 1 upto 250 psecs and then
moved to position 2. Find

(a) The current and voltage across the resistor att=100 psecs

(b) The current and voltage across the resistor att=350 psecs
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Solution : The time constant t of the circuit is given by T = L/R = 200mH/8KQ = 25 psec and is
same in both the switch positions.
| —" 8k Q
0 O W
2 Va(F)

+ +
16V 200 mH < v,(?)

(a) The current in the circuit upto 250 usec (till switchis in position 1 ) is givenby : i(t)
growing= V/R (1-e7%) =(16/8)X1073 (1 —e V/23x10-6) =2 (1 —e V/Zx10-6) mA

e The current in the circuit @100usec is given by
i(t) @100 psec = 2% (1 — g ~100ksec/25usecy mA = 2x(1 — e ) mA = 1.9633 mA

1(t) @100 psec = 1.9633 m

e The Voltage across the resistoris given by VrR@100usec =R X i(t) @100 usec
VR@100 psec = 8 KQ x1.9633 mA = 15.707 V

VR@100 psec = 15.707 V
(b)
e The current in the circuit @350 psec is the decaying current and is given by:

i(t)Decaying= 1(0).e ~'/™ where 1(0) is the initial current and in this case it is the growing current
@250psec. ( Since the switch is changed @250psec ) The time t is to be reckoned from this time of 250
usec. Hence t = (350—250) = 100usec. So we have to calculate first i(t)growing(@250 usecyWhich is
givenby:
i(t) growing(@250 psecy= V/R (1 —e /%) = (16/8)X1073 (1 — e /251y = 2x(1 — g "2V 25 hsecy mA
=2x(1 —e "'% mA = 1.999 mA

1(t) growing(@250 psecy= 1.999 mA = 1(0)

Hence i(t)@350 psec =I(O)e A 1.99x e~ 100 psec /25 BseemA = 1.99x e _41’I1A =0.03663 mA
i(t)@350 usec = 0.03663 mA

e Thevoltage acrosstheresistor vk @350 psec =Rxi(t@350 psec) =8K0Qx0.03663 mA
VR @350 psec= 0.293V
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Example 6: In the circuit shown below the switch is kept in position 1 up to 100 p secs and then
it is moved to position 2 . Supply voltage is 5V DC . Find

a) The current and voltage across the capacitor att=40 psecs
b) The current and voltage across the resistor at t = 150 p secs

|
" o

N

'A%
+
Vvl
+
, ; ==V ' € vAl)
Nt 200 pF 4 =

i(f) « i[(t)

—L > 40k Q v
N

e

(a) (b)

Solution: The time constant T of the circuit is same in both conditions and is given by 1 = RC =
40x10°x200x10x 72 = 8 psec

a) The time t =40 psec corresponds to the switch in position 1 and in that condition the current
i(t) is given by the standard expression for charging current

i(t) = (V/R) [e*"]
i(t) @aopsee = SV/40KQ [e**® ] Amps =0.125x[ e ] mA = 0.84224 uA
i(t) @sopsee = 0.84224pA
The voltage across the capacitor during the charging period is given by V [1-e*]. vc(t)
@40psec =5[1 -- e*"® ] =5[1 -- & ]=4.9663 Volts

ve(t) @4opsec = 4.9663 Volts

b) The time t= 150 usec corresponds to the switch in position 2 and the current i(t) is given by
the discharge voltage expression i(t) = [ve(t)o/R]. e¥*
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Where vc(t)ois the initial capacitor voltage when the switch was changed to position2 and it is
the voltage that has built up by 100 psec during the charging time (switch in position 1 ) and
hence is given by

ve(®@ioosee = S[1- €198 ] volts = 5x[1- €27 ] Volts = 4.999 Volts
And now t=150 psec from beginning is equal to t = (150-100) = 50 psec from the time
switch is changed to position 2.
Therefore the current through the resistor at 150 psec from the beginning = i(t)150usec=
(4.999/40KQ). e
i(t)150usec = 0.1249 x €Y% = 0.241 pA

1(t)150psec = 0.241 pA

And the voltage across the resistor = R x i(t) = 40KQ x 0.241 pA = 0.00964v

Example 7: In the circuit shown below find out the expressions for the current i; and i> when the
switch is closed at time t=0

Mst M

—

100 v +* ) 159§B §0.5H
-

Solution: It is to be noted that in this circuit there are two current loops 1 and 2 . Current i; alone

flows through the resistor 15 € and the current i alone flows through the inductance0.5 H where as
both currents i; and i flow through the resistor 20 Q. Applying KVL to the two loops taking care

of this point we get
20(i1+i2)+ 151 =100 ie 35i+20i2=100 -------- (1)
and 20(i1 +1i2)+0.5di/dt =100 ; 201142012 +0.5 diz/dt =100------------- (2)

Substituting the value of 11 = [100/35 — (20/35) 12] = 2.86 — 0.57 1 obtained from the above
equation (1) into equation (2) we get :

20 [2.86 — 0.57 12] +2012 + 0.5 (diz/dt) = 100
57.14 = 11.4 12 +2012 + 0.5 (di/dt) = 100

(dip/dt) 12 +17.14 1= 85.72
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The solution for this equation is given by i»(t) = K. e ~'7!* + 85.72/17.14 and the constant K can be
evaluated by invoking the initial condition. The initial current through the inductor=0 at time t =0.

Hence K = -- 85.72/17.14 =--5

Therefore ix(t) =5 ( 1-- e ~71%) Amps

And current ij(t) = 2.86 —0.57 i2=2.86 — 0.57 [5 (1-- e~ 71%) 1 =0.01 + 2.85 ¢ ~ 7% Amps
And current ii(t) = 0.01 +2.85¢e ~ 14 Amps

Example 8 :Inthe circuitshownbelow findanexpressionforthe currenti(t) whenthe switchis changed
from position 1 to 2 at time t=0.

40€Q 1 60 2
e _.__./\/\r_._«TQA.../\ /3, P

e —
5oovj,: ?10, §0.4H

Solution: The following points are to be noted with reference to this circuit:

e  When the switch is changed to position 2 the circuit is equivalent to a normal source free
circuit but with a current dependent voltage source given as 10i.

e Theinitial current inposition 2 is same as the current when the switch was inposition 1 (fora
long time ) and is given by Ip = 500/(40+60) = 5 Amps

The loop equation in position 2 is givenby : 60i+0.4di/dt=10i i.e (50/0.4)i+di/dt =0
Writing the equationinthe ‘s’notation where ‘s’ is the operatorequivalent to (d/dt) we get ( s+ 125
)i =0 and the characteristic equation willbe (s+125)=0

Hence the solutioni(t)is givenby i(t) =K.e 2>, The constant K canbe evaluated by invoking the
initial conditionthati(t) e« isequaltolo =5 amps.Then the above equation becomes:

5=K.e X0 jeK=5andhence the current in the circuit when the switch is changed to
position2becomes: i(t) = 5. e Amps
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Example9:Inthe circuitshownbelow find anexpression forthe currenti(t) whenthe switchis opened
at time t=0

[V FO T 4
—— A\ \—C~-O- )
S *’
e 5 I
100 V T 10 Q
e 4 uF

Solution: The following points may be noted with reference to this circuit:

e  Whenthe switchisopened the circuit is equivalent to anormal source free circuit but with a
current dependent voltage source given as 5i.

e Theinitial current Io whenthe switchis opened is same as the current when the switch was
closed foralong time and is givenby Ip = 100/(10+10) = 5 Amps

The loop equation when the switch is opened is given by :

(1/4x10%)idt+10i=5i
(1/4x10~%)Jidt+5i =0

Differentiating the above equation we get :

5.(di/dt)+(1/4x10~%i=0  ie.=(di/dt) + (1/20 x 10~ ©)i=0
Writing the above equation in the ‘s’notation where ‘s’ is the operator equivalent to (d/dt) we get
(s+1/20 x 107°) i = 0 and the characteristic equation will be ( s+ 1/20 x 1076) =0

The solutioni(t) is given by i(t) =K. e 29196 The constant K can be evaluated by invoking the
initial conditionthat i(t) e ois equaltoIp =5 amps.Then the above equation becomes:

5=K.e Y20x1976j e K =5 and hence the current in the circuit when the switch is opened becomes:
i(t) =5. e Y20 X106 Apypg

Example 10: A series RLC circuit as shown in the figure below has R = 5Q,L.=2H and C = 0.5F.The
supply voltage is 10 V DC . Find

a) The current in the circuit when there is no initial charge on the capacitor.
b) The current in the circuit when the capacitor has initial voltage of SV
c) Repeat question (a) when the resistance is changed to 4 Q
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d) Repeat question (a) when the resistance is changed to 1 Q

i
¥ RQ

+

‘ -
VR(” V(‘(’) +

vi()§ L

Solution: The basic governing equation of this series circuit is given by :
Ri + 1/C[ idt + L. (di/d)= V

On differentiation we get the same equation in the standard differential equation form
L(d*/dt*)+ R(di/dt)+ (1/C)i = 0

By dividing the equation by L and using the operator ‘s’ for d/dt we get theequation in the form of

characteristic equation as :
[s* + (R/L)s +(1/LC)] =0

Whose roots are given by:
$1,82 = R2L==\I(R/21)*= (1/10)]= —o 2=\~ o)

and three types of solutions are possible.
1. a> o0, ie when LC > (2L/R)* s; and s, will both be negative real numbers, leading to what is referred
to as an over damped responsegiven by :
()= A+ Age™
2. o=, ,ie when LC = 2L/R)* s and s, are equal which leads to what is called a critically damped
responsegiven by :
i()=e"(Ait+Ar)
3. <0, ie when LC < (2L/R)* boths; and s, will have nonzero imaginary components, leading to what is
known as an under damped responsegiven by :

i(t) =e ™(Ajcoswat + A;sinwgt)

wherewqis called natural resonant frequency and is given given by:

wa = Voo’ o

The procedure to evaluate the complete solution consists of the following steps for each part of the question:
1. Wehaveto first calculate theroots for each part of the question and depending on to which case the
roots belong we have to take the appropriate solution .
2. Then by invoking the first initial conditioni.e i =0 at t=0 obtain the first relation between A; and
Asor one of its values.
3. Ifoneconstant valueis obtained directly substitute it into the above solution and take its first
derivative. Or else directly take the first derivative of the above solution
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4. Now obtain the value di/dt e - ofrom the basic RLC circuit equation by invoking the initial
conditions of vce o and i(t) e =0 . Now equate this to the differential of the solution for i(t) to get the
second relation between A; and A,( or the second constant . Now using these two equations we
can solve for A;and A, and subsititute in the solution for i(t) to get the final solution.

(a) si,8 = —R/ZLi\/[(R/ZL)z—(l/LC)] = (-5/2x2)i\/[(5/2x2)2—(1/2x0.5)] = -1.25 %=0.75.
i.e.s;=--0.5 and s, = --2

Inthiscasetherootsarenegativerealnumbersandthesolutionisgivenby: i(t)=

Alesn+ A2652t= Ale'0‘5t+ Aze'2t """"""""" (D
Now we will apply the first initial condition i.e i(t) = 0 at t=0 .Then we get
0 =A%+ Ape™ ie. A+ A=0

The basic equation for voltage inthe series RLC circuitis givenas: V =

R.i(t) + ve(t) + L.(di/dt) i.e di/dt = 1/L [ V -R.i(t) - vc(t)
At time t=0 we get

(di/dt)e = = 1/L[V-R.i(t=0)- vc(t=0) ]-------------- 2)
But we know that the voltage across the capacitor and current are zero at time t=0 .
Therefore (di/dt)e o = V/L =10/2 =5 3)

Now the equation for i(t) atequation (1) is differentiated to get (di/dt) =

—0.5A16-0'51—2A26-2[

and the above value of (di/dt)e o= 5 is substituted in that to get the second equation with Ajand A»
(di/d)ewo =5=-05A1"""2A™°  =-0.5A,.2A,

Now we can solve the two equations for Ajand A»

Ai+ Ab=0and -0.5A;--2A; =5toget A;=10/3 and A, =--- 10/3
And the final solution fori(t)is : (10/3)[e**— e ] Amps
(b) Attimet=0thevoltageacrossthecapacitor=5Vie. vci=0=5V.Buti(t=0) isstill=0.usingthese values

in the equation (2) above we get
(di/dt)e o= Y2 (10-5 ) =2-5

Thenthetwoequationsin A;and A, are Ai+ A> = 0 and -0.5A1--2A,=2.5
Solving these two equations we get A;=5/3 and A,=-5/3
Andthe final solution fori(t)is : (5/3)[e™ e ] Amps

(€) The roots of the characteristic equation when the Resistance is changedto 4 si,82 = —
R/2L==N((R2LY- (1/L0)] = (-4/2x2) =2=\[(4/2x2)2 - (1/2x0.5)] = -1.0
i.e the roots are real and equal and the solution is given by

i()=e “(Ait+As) = e "(Ait+Ag) - 4)
Now using the initial condition i(t) = O at time t=0 we get A,=0

We have already found in equation (3) for the basic series RLC circuit (di/dt)e o= 5
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Now we willfind di(t)/dt of equation (4) and equate it to the
above value. di /dt = - (At + Ao) + e " (A) = e " [A1— Agt
—Az] and
(dl /dt) @t=0= eilxo [A;— Aix0-Az] i.e
A1— A>=35 Therefore Al =5 and A2 =
0
And the final solution for i(t) is i(t) = Ste " Amps

(d) Roots of the characteristic equation when the resistance is changed to 1 Qare :

s1,80 = — R2L==A[(R2L- (1/L0)] = (-1/2x2) =N[(1/4) = (1/2x0.5)] =--0.25 ==j0.94

The roots are complex and so the solution is then given by : i (t) = e “(A| cosmat + Az sinmqt)
Where o = 0.25 and w¢= 0.9465

Now we will apply the initial conditions to find out the constants A;and A

Firstinitial conditionisi(t)ewo =0 applying thisintothe equation:i(t)= e “(A;cosmat+ As
sinmat) we get Al =0and using this value of A1l in the abve equation fori(t) we get

i(t) =e ™(Assinogt)

Wehavealready obtained thesecondinitial conditionasdi(t)/dte—o=5 fromthebasicequation
ofthe series RLC circuit. Now letus differentiate above equation for currenti.e:i(t)= e “(A,
sinwgt)and equate it to 5 to get the second constant A

di(t)/dt =e (A wacos wat) + (Az sinmg

t) .—o.e “di (t)/dt @t=0 =As. 0¢=

5

e Ao=5/wa=5/0.94=53
Nowusingthis valueof A,andthevaluesof a=0.25 andws=0.94intheaboveexpression

for the current we finally get :
i (t) = e %'(2.569 sin 1.9465t)

The currents in all the three different cases (a), (c) and (d) are shown below :

Case n
Case ¢
Case d

R RS T —

25 10

Cumrent (A)

A0

I'ime (8)
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Conclusion:

The most important facts and results discussed in the chapter can be summarized as follows:
* Transients in electric circuits occur due to the presence of energy storage
elements (i.e., inductors and capacitors).
*Transients in electric circuits can be excited by initial conditions, by sources, or by both.
Analysis of transients can be broken down into two major steps:
1.Determination of initial conditions for the energy storage elements by using the
continuity of voltage across a capacitor and the continuity of current through
an inductor.
2.Analysis of electric circuits after switching. This step normally involves the solution of
initial value problems for ordinary differential equations.

Reference:

[1].Sudhakar, A., Shyammohan, S. P.; “Circuits and Network™; Tata McGraw-Hill New Delhi,2000
[2]. A William Hayt, “Engineering Circuit Analysis” 8th Edition, McGraw-Hill Education 2004
[3]. Paranjothi SR, “Electric Circuits Analysis,” New Age International Ltd., New Delhi, 1996.

Post Test MCQs:

1. The dependent current source shown in given figure.
50

V=20V z0

a. delivers 80W
b. absorbs 80W
c. deliver 40W

d. absorbs 40W

2. The input resistance of the network in figure is

R R R R R
6V = R R R R R
a. 10R

13 g
b. #

34
c. 21

89 r
4. 355
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3. The closing of switch S; and S: in figure will light up

a.lamp L only
v. lamps L and Lo
c.lamp L only
d.none of them

Rz R,
g ko

If the load in the given circuit is 120 k€, what is the loaded output voltage?

a. 421V
b. 1579V
c. 16V

d. 1967V

9 The current flowing through an unloaded voltage divider is called the:

a.resistor current
b.load current

c. bleeder current
d.voltage current

SCSVMV
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UNIT-V

NETWORK SYNTHESIS
AIM :

To understand the significance of network synthesis
Pre-Requisites:

Knowledge of Basic Mathematics — II & Basic Electronics Engineering
Pre - MCQs:
1, In figure, the switch S is initially open and steady state conditions are reached. At # = 0 switch is closed. The initial
current through 2C capacitor is

20

40 —2C

18V — \l—

a. zero
b. 1A
c. 2A
d. 3A

2. For an RC driving point impedance function, the poles and zeros

should alternate on real axis

should alternate only on negative real axis

should alternate on imaginary axis

none of the above

3. The circuit in figure will act as ideal current source with respect to terminals A and B when frequency is

/o o

IOInL . 0
+
VI(t) C 16 H —1F
B
a.0
b. 1 rad/sec
c. 4 rad/sec

d. 16 rad/sec
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Introduction:

Network synthesis is a design technique for linear electrical circuits. Synthesis starts from
a prescribed impedance function of frequency or frequency response and then determines the
possible networks that will produce the required response.

HurwitzPolynomial

A polynomial p(s) is said to be Hurwitz if all the roots of p(s) are located in the
open left half (LH) s-plane (not including the imaginary axis).Let p(s) be the
polynomial in question. Assume first that p(s) is neither an even nor an odd
polynomial. To test whether such a polynomial p(s) is indeed a Hurwitz polynomial,
we may use the Hurwitz test.

e First decompose p(s) into its even and odd parts, M(s) and N(s),
respectively, as p(s) = M(s) + N(s).

e Using M(s) and N(s) we form the test ratio T(s), whose numerator has a
higher degree than that of its denominator. Suppose that p(s) is a polynomial of
degree d. Then

_ NGO irai i 4-8
T(s) = M) if d is an odd integer (4-8a)
M(S) . . . : 4"8b
T(s) = NGs) if d is an even integer (4-8b)

Next, we perform the continued fraction expansion about infinity on the tetratio T(s),
removing one pole at a time in the form of a quotient gs, resulting in:

q.5 + I
455 + ———

(4-9)

) 1
t s

where q is is the ith quotient, and qj, is the associated coefficient.

If there is one or more quotients with negative coefficients, then p(s) s neither a
Hurwitz nor a modified Hurwitz polynomial. On the other hand, if there are d

A
quotients (d = d ) and every quotient has a positive coefficient, then p(s) is a
Hurwitz polynomial.
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N
Finally, if the number of quotient d is less than d but every quotient has a  positive
coefficient, this means that there is a common factor k(s) between M(s) and N(s).
Hence, we can write p(s) as:

p(s) = k(s) [M(s) + N(s)] = k(s)p(s) (4-10)
where M(s) = k(s)M(s), N(s) = k(s)N(s), and p(s) = M(s) + N(s).

Because all the dA quotients of T(s) have positive coefficients, the polyno-
mial p(s) in (4-10) is Hurwitz. Thus, if k(s) is a modified Hurwitz
polynomial [i.e., if all the roots of k(s) are simple and purely imaginary],
then p(s) is a modified Hurwitz polynomial.

A procedure to determine if k(s) is a modified Hurwitz polynomial &
described in the following in conjunction with the case when p(s) is either an
even or an odd polynomial.

Suppose now that p(s) is either an even or an odd polynomial of degree d. is a
modified Hurwitz polynomial if and only if p(s) has only simple and imaginary
axis roots (including the origin).

To determine if p(s) is a modified Hurwitz polynomial, we form a test ratio
N

T (s):

__p6) _ pls)
7= @i 5o = 56 12

N
and perform the continued fraction expansion about infinity on T (s), as in (4-
9). Then p(s) is a modified Hurwitz polynomial if and only if there are d

quotients in the expansion and each quotient has a positive coefficient.

In the case when p(s) is either an even or an odd polynomial, if there is one a
more negative coefficient in the continued fraction expansion of T”(s), then
p(s) has a RH s-plane root; and if all coefficients are positive but there are only
d* < d quotients, then all roots of p(s) are on the imaginary axis of the s-plane,
but p(s) has non-simple or multiple roots. Either situation implies that p(s)
is not a modified Hurwitz polynomial.

Example Determine if
p(s) = 5% + 353 4 552 4 55 + 2 (4-13)
is a Hurwitz polynomial.

Because d -— 4 1s even, the test ratio is
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M{s) s*- 5s2-1-2 (V14)
TO £ N~ 35 + 55
Clearly, atr = T{s) en[ie., T s) has a pole at infinity]. Extracting this
pole at infinity in the form of a quotient, we obtain
PSP | 1
T@s)= s+ T,(5) (4-15)

where (1J3)z is the first quotient, 1/3 is its coefficient, and

1 1 (10/3)s?-£2

5) Tfs) - 35 = “3y456

1s the remainder. Hence,

3s° + Ss

1) Gomys1-2

(4-16)

Observe that Th{«x»)  m. Thus, we can extract a Pole from 7h/s) in the form of
a quotient as we did to F(s). The result is to write Z’j(«)as

0
T {s) — —s 1 4-17)
10 T25S)

where (9JI0)x is the second quotient, 9/10 is its coefficient, and 1/F 2(s) is the
second remainder. Substituting (4-17) into (4-11),
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Routh—Hurwitz stability criterion:

A tabular method can be used to determine the stability when the roots of a higher order
characteristic polynomial are difficult to obtain. For an nth-degree polynomial

Y tas+ag

D(s) = aps" + ap—18"

the table has n + 1 rows and the following structure:

p llpn—2 ln—4
fln—1 p—3 n—5
b]_ bg bg
1 Co Ca
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where the elements and can be computed as follows:
b Ci
p—1 X Qp_2; — A X Ap_2;—1

h'::

fln—1

. b1 X Gp_2i—1 — Gn_1 X bijq
C; — b .
1

When completed, the number of sign changes in the first column will be the number of non-
negative poles.

In the first column, there are two sign changes, thus there are two non-negative roots where
the system is unstable. Sometimes the presence of poles on the imaginary axis creates a

situation of marginal stability. The row of polynomial which is just above the row containing
the zeroes is called "Auxiliary Polynomial".

. 50425 + 851+ 125° 42052 + 165+ 16 = 0.

We have the following table:

1 8 20 16
2 12 16 0
2 12 16 0
0 0 0 0

_ ! 2
In such a case the Auxiliary polynomial is *_1(5} =2s" +1257 + 1E"which is again
equal to zero. The next step is to differentiate the above equation which yields the following

polynomial. B (5) = 8s° + 24s' . The coefficients of the row containing zero now
become "8" and "24". The process of Routh array is proceeded using these values which yield
two points on the imaginary axis. These two points on the imaginary axis are the prime cause
of marginal stability.

Even and Odd functions :

In mathematics, even functions and odd functions are functions which satisfy particular
symmetry relations, with respect to taking additive inverses. They are important in many
areas of mathematical analysis, especially the theory of power series and Fourier series. They
are named for the parity of the powers of the power functions which satisfy each condition:
the function f(x) = x" is an even function if n is an even integer, and it is an odd function if n
is an odd integer.
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Definition and examples

The concept of evenness or oddness is only defined for functions whose domain and range
both have an additive inverse. This includes additive groups, all rings, all fields, and all

vector spaces. Thus, for example, a real-valued function of a real variable could be even or
odd, as could a complex-valued function of a vector variable, and so on. The examples are

real-valued functions of a real variable, to illustrate the symmetry of their graphs.

Even functions

10 [ I 7

xd

f(x) = x* is an example of an even function.

Let f(x) be a real-valued function of a real variable. Then f is even if the following equation
holds for all x and -x in the domain of f:ll

f(x) = f(—x), flz) = f(—x) =0.

Geometrically speaking, the graph face of an even function is symmetric with respect to the
y-axis, meaning that its graph remains unchanged after reflection about the y-axis. Examples

of even functions are ||, X%, x*, cos(x), and cosh(x).

Odd functions

| %3

f(x) = x* is an example of an odd function.

SCSVMV Page 142

Dept. of ECE


http://en.wikipedia.org/wiki/Additive_inverse
http://en.wikipedia.org/wiki/Abelian_group
http://en.wikipedia.org/wiki/Ring_%28algebra%29
http://en.wikipedia.org/wiki/Field_%28mathematics%29
http://en.wikipedia.org/wiki/Vector_space
http://en.wikipedia.org/wiki/Symmetry
http://en.wikipedia.org/wiki/Real_number
http://en.wikipedia.org/wiki/Even_and_odd_functions#cite_note-1
http://en.wikipedia.org/wiki/Symmetry
http://en.wikipedia.org/wiki/Graph_of_a_function
http://en.wikipedia.org/wiki/Reflection_%28mathematics%29
http://en.wikipedia.org/wiki/Absolute_value
http://en.wikipedia.org/wiki/Trigonometric_function
http://en.wikipedia.org/wiki/Hyperbolic_function

NETWORK THEORY

Again, let f(x) be a real-valued function of a real variable. Then f is odd if the following
equation holds for all x and -x in the domain of f:12

—flz) = f(=2), f(z)+ f(-=x)=0.

Geometrically, the graph of an odd function has rotational symmetry with respect to the
origin, meaning that its graph remains unchanged after rotation of 180 degrees about the
origin. Examples of odd functions are x, X2, sin(x), sinh(x), and erf(x).

Continuity and differentiability

A function's being odd or even does not imply differentiability, or even continuity. For
example, the Dirichlet function is even, but is nowhere continuous. Properties involving
Fourier series, Taylor series, derivatives and so on may only be used when they can be
assumed to exist.

Generalizations
Irrational functions
The irrational function Z(s) is PR if and only if
e Z(s) is analytic in the open right half s-plane (Re[s] > 0)
e Z(s) is real when s is positive and real
e Re[Z(s)] > 0 when Re[s] >0
Matrix-valued functions
A irrational matrix-valued function Z(s) is PR if and only if
o Each element of Z(s) is analytic in the open right half s-plane (Re[s] > 0)

o Each element of Z(s) is real when s is positive and real
o The Hermitian part (Z(s) + Z'(s))/2 of Z(s) is positive semi-definite when Re[s] >0
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NETWORK THEORY

SYNTHESIS OF R-L NETWORK BY FOSTER’S METHOD

Introduction :

By Kirchhoff's voltage law, the voltage across the capacitor, Vc, plus the voltage across the
inductor, V1. must equal zero:

VG—I—VL:U.

Likewise, by Kirchhoff's current law, the current through the capacitor equals the current
through the inductor:

ig — 1 L-
From the constitutive relations for the circuit elements, we also know that

Vit = LS

and

ic(t) = 02

Differential equation

Rearranging and substituting gives the second order differential equation

i (t) |
Froa s Foldu)

= 0.

The parameter mo, the resonant angular frequency, is defined as:

1
v LC

Using this can simplify the differential equation

d*i(t)
der

whp =

+ whi(t) = 0.
The associated polynomial is

s+ ws =0
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NETWORK THEORY

Thus, s = +jwy & = —jwgWwherej is the imaginary unit.

Series LC circuit

e
+ +

\E L
v

+

Ve—/— C

Series LC circuit

In the series configuration of the LC circuit, the inductor L and capacitor C are connected in
series, as shown here. The total voltage v across the open terminals is simply the sum of the
voltage across the inductor and the voltage across the capacitor. The current i into the positive
terminal of the circuit is equal to the current through both the capacitor and the inductor.

Resonance

Inductive reactance magnitude (X). increases as frequency increases while capacitive
reactance magnitude (Xcdecreases with the increase in frequency. At one particular
frequency, these two reactances are equal in magnitude but opposite in sign; that frequency is
called the resonant frequency ( jofor the given circuit.

Hence, at resonance:

XL — —XC“
1
wL=76

Solving for zwe have

1
W =Wy = —F—

VLC

which is defined as the resonant angular frequency of the circuit.
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NETWORK THEORY

Converting angular frequency (in radians per second) into frequency (in hertz),one has

f . Lo . 1
"7 or T /IO

In a series configuration, Xc and X1 cancel each other out. In real, rather than idealised
components, the current is opposed, mostly by the resistance of the coil windings. Thus, the
current supplied to a series resonant circuit is a maximum at resonance.

e In the limit as f—focurrent is maximum. Circuit impedance is minimum. In this state,
a circuit is called an acceptor circuit

e For f<fo, XL < (—Xc). Hence, the circuit is capacitive.

e For f=fo, XL = (—Xc). Hence, the circuit is inductive.

Impedance

In the series configuration, resonance occurs when the complex electrical impedance of the
circuit approaches zero.

First consider the impedance of the series LC circuit. The total impedance is given by the
sum of the inductive and capacitive impedances:

L=Z,+ Zc

Writing the inductive impedance as Z. = joL and capacitive impedance as Zc = (joC)™ ' and
substituting gives

, 1
Z(w) = jwL + Wl

Writing this expression under a common denominator gives

(W2LC' — 1)
wC

Z(w)=j

Finally, defining the natural angular frequency as

1
W = —F—

VLC

the impedance becomes

o= ()

w
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The numerator implies that in the limit as ¢y — .y, the total impedance Z will be zero and
otherwise non-zero. Therefore the series LC circuit, when connected in series with a load,
will act as a band-pass filter having zero impedance at the resonant frequency of the LC
circuit.

Parallel LC circuit

ift)

+

vit) L g

|l
|
0

Parallel LC Circuit

In the parallel configuration, the inductor L and capacitor C are connected in parallel, as
shown here. The voltage v across the open terminals is equal to both the voltage across the
inductor and the voltage across the capacitor. The total current i flowing into the positive
terminal of the circuit is equal to the sum of the current flowing through the inductor and the
current flowing through the capacitor.

Resonance

Let R be the internal resistance of the coil. When X1 equals Xc, the reactive branch currents
are equal and opposite. Hence they cancel out each other to give minimum current in the
main line. Since total current is minimum, in this state the total impedance is maximum.

W 1
fo= 2=

Resonant frequency given by: 2 2my/ LC

Note that any reactive branch current is not minimum at resonance, but each is given
separately by dividing source voltage (V) by reactance (Z). Hence I=V/Z, as per Ohm's law.

e At fo, line current is minimum. Total impedance is maximum. In this state a circuit is
called a rejector circuit.
e Below fo, circuit is inductive.

e Above fo,circuit is capacitive.

Impedance
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The same analysis may be applied to the parallel LC circuit. The total impedance is then
given by:

_ ZiZc
Zi+ Z¢

and after substitution of Zrand Zcand simplification, gives

wlL

2=~ re T

which further simplifies to

9= () (5)

where
1
Wy = —F—
v LC
Note that
lim Z(w) =00
w —+ g

but for all other values ofithe impedance is finite. The parallel LC circuit connected
in series with a load will act as band-stop filter having infinite impedance at the resonant
frequency of the LC circuit. The parallel LC circuit connected in parallel with a load will act
as band-pass filter.

RC NETWORK SYNTHESIS:

A resistor—capacitor circuit (RC circuit), or RC filter or RC network, is an electric circuit
composed of resistors and capacitors driven by a voltage or current source. A first order RC
circuit is composed of one resistor and one capacitor and is the simplest type of RC circuit.

RC circuits can be used to filter a signal by blocking certain frequencies and passing others.
The two most common RC filters are the high-pass filters and low-pass filters; band-pass
filters and band-stop filters usually require RLC filters, though crude ones can be made with
RC filters.

Introduction
There are three basic, linear passive lumped analog circuit components: the resistor (R), the

capacitor (C), and the inductor (L). These may be combined in the RC circuit, the RL circuit,
the LC circuit, and the RLC circuit, with the abbreviations indicating which components are
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used. These circuits, among them, exhibit a large number of important types of behaviour that
are fundamental to much of analog electronics. In particular, they are able to act as passive
filters. This article considers the RC circuit, in both series and parallel forms, as shown in the
diagrams below.

This article relies on knowledge of the complex impedance representation of
capacitors and on knowledge of the frequency domain representation of signals.

Natural response

RC circuit

The simplest RC circuit is a capacitor and a resistor in series. When a circuit consists of only
a charged capacitor and a resistor, the capacitor will discharge its stored energy through the
resistor. The voltage across the capacitor, which is time dependent, can be found by using
Kirchhoff's current law, where the current charging the capacitor must equal the current
through the resistor. This results in the linear differential equation

dav Vv
Catr="Y

Solving this equation for V yields the formula for exponential decay:

__t
V(t) = Vhe &C |
where Vj is the capacitor voltage at time 7 = 0.

Vo

The time required for the voltage to fall to € 1s called the RC time constant and is givenby

T=RC .
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Complex impedance

The complex impedance, Zc¢ (in ohms) of a capacitor with capacitance C (in farads) is

1
- sC

Zc

The complex frequency s is, in general, a complex number,

§ = 0+ jw
where

o Jrepresents the imaginary unit:

e (Fis the exponential decay constant (in radians per second), and
o wis the sinusoidal angular frequency (also in radians per second).

Series circuit

Series RC circuit

By viewing the circuit as a voltage divider, the voltage across the capacitor is:

1/C's 1
= "r1/cs ) T T Res )

VC{S}

and the voltage across the resistor is:

R RC's

V = v*:'n :—En
r(s) R+ 1/Cs (8) =17 Rres (5)_

Transfer functions

The transfer function from the input voltage to the voltage across the capacitor is
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VC(S) 1

Helo) =y, 5) =T+ Ros.

Similarly, the transfer function from the input to the voltage across the resistor is

_ Vr(s)  RCs

Hels) = 30y = T3 Res.

Poles and zeros

Both transfer functions have a single pole located at

1
" RC

5 =

In addition, the transfer function for the resistor has a zero located at the origin.
Gain and phase

The magnitude of the gains across the two components are:

B V] — Ve (jw) — !
Ge = |He(jw) Vin(jw)| /1 + (wRC)?
and
Gr = | Halje)| = |12 = 2T
R = RGN =\ G0y~ \/1+(wRC)E,

and the phase angles are:
¢c = LHe(jw) = tan™ " (—wRC)

and

. 1
= ) =t —1
or = ZHg(jw) = tan (w C)_

These expressions together may be substituted into the usual expression for the phasor
representing the output:

Ve = Gcﬁnﬂj'ﬁc
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Ve = Gﬁﬂnﬁjéﬁ.

Current

The current in the circuit is the same everywhere since the circuit is in series:

Vin(8) B C's
Is) =71 L [T RCs ")

Impulse response

The impulse response for each voltage is the inverse Laplace transform of the corresponding
transfer function. It represents the response of the circuit to an input voltage consisting of an
impulse or Dirac delta function.

The impulse response for the capacitor voltage is

1 1
he(t) = ﬁe—”ﬁf’u(n = ;e_”ru(f}

where u(¢) is the Heaviside step function and

T = RC
is the time constant.

Similarly, the impulse response for the resistor voltage is

ha(t) =48(t) — %e—”ﬁ%m = 4(t) — %ﬂ_”ru(t}

where d(¢) is the Dirac delta function

Frequency-domain considerations

These are frequency domain expressions. Analysis of them will show which frequencies the
circuits (or filters) pass and reject. This analysis rests on a consideration of what happens to
these gains as the frequency becomes very large and very small.

Asw — 00 Ge =0 Gr—1

As w — 0: G — 1GRr — 0.This shows that, if the output is taken across the capacitor,
high frequencies are attenuated (shorted to ground) and low frequencies are passed. Thus, the
circuit behaves as a low-pass filter. If, though, the output is taken across the resistor, high
frequencies are passed and low frequencies are attenuated (since the capacitor blocks the
signal as its frequency approaches 0). In this configuration, the circuit behaves as a high-pass

filter.
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The range of frequencies that the filter passes is called its bandwidth. The point at which the
filter attenuates the signal to half its unfiltered power is termed its cutoff frequency. This
requires that the gain of the circuit be reduced to

1
GC:GE:E

Solving the above equation yields

1
“c= RC
or
1
fe=5:Re

which is the frequency that the filter will attenuate to half its original power.

Clearly, the phases also depend on frequency, although this effect is less interesting generally
than the gain variations.

As w — 0
¢ — 0
op — 90° =7 /2%
As W — 0O
b — —90° = —7 /2°
¢r— 0
So at DC (0 Hz), the capacitor voltage is in phase with the signal voltage while the resistor

voltage leads it by 90°. As frequency increases, the capacitor voltage comes to have a 90° lag
relative to the signal and the resistor voltage comes to be in-phase with the signal.

Time-domain considerations

The most straightforward way to derive the time domain behaviour is to use the Laplace
transforms of the expressions for Voand Vg given above. This effectively transforms
JW — 8 Assuming a step input (ie. Vin = Ubefore t = O and then Vin =V
afterwards):

1
I’En(-ﬂ) = V;
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1 1
Vels) =Vi—Rros
and
sRC 1
Vils) = o0& 1
r(s) =Vi—p53
LR T - r 298.2%

Capacitor voltage step-response.

100%

=9
36.8%E

13.5%¢

18 %,

18%k " . :
T It it dr it

Resistor voltage step-response.

Partial fractions expansions and the inverse Laplace transform yield:

Vo(t) =V (1 — e759)

Va(t) = Ve RC

NETWORK THEORY

These equations are for calculating the voltage across the capacitor and resistor respectively
while the capacitor is charging; for discharging, the equations are vice-versa. These equations
can be rewritten in terms of charge and current using the relationships C=Q/V and V=IR (see

Ohm's law).
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Parallel circuit

o + O
IR IC +
L’{n R C = = %llt
o +* O

Parallel RC circuit

The parallel RC circuit is generally of less interest than the series circuit. This is largely

k) . . _,'r . . .
because the output voltage Voutis equal to the input voltage Vin—asa result, this circuit does
not act as a filter on the input signal unless fed by a current source.

With complex impedances:

Vin
IR == R
and
IC' = .j'-""CT':.n

This shows that the capacitor current is 90° out of phase with the resistor (and source)
current. Alternatively, the governing differential equations may be used:

Vin
IR — R
and
dV:,
le=C=27

When fed by a current source, the transfer function of a parallel RC circuit is:

’T:ruf _ R
[, 14+ sRC
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RL NETWORK SYNTHESIS:

A resistor—inductor circuit (RL circuit), or RL filter or RL network, is an electric circuit
composed of resistors and inductors driven by a voltage or current source. A first order RL
circuit is composed of one resistor and one inductor and is the simplest type of RL circuit.

The fundamental passive linear circuit elements are the resistor (R), capacitor (C) and
inductor (L). These circuit elements can be combined to form an electrical circuit in four
distinct ways: the RC circuit, the RL circuit, the LC circuit and the RLC circuit with the
abbreviations indicating which components are used. These circuits exhibit important types
of behaviour that are fundamental to analogue electronics. In particular, they are able to act as
passive filters. This article considers the RL circuit in both series and parallel as shown in the
diagrams.

In practice, however, capacitors (and RC circuits) are usually preferred to inductors since
they can be more easily manufactured and are generally physically smaller, particularly for
higher values of components.

Both RC and RL circuits form a single-pole filter. Depending on whether the reactive
element (C or L) is in series with the load, or parallel with the load will dictate whether the

filter is low-pass or high-pass.

Frequently RL circuits are used for DC power supplies to RF amplifiers, where the inductor
is used to pass DC bias current and block the RF getting back into the power supply.

Complex impedance

The complex impedance Z;. (in ohms) of an inductor with inductance L (in henries) is

ZL:LS

The complex frequency s is a complex number,

5 = 0+ jw
where

e jrepresents the imaginary unit:

e gis the exponential decay constant (in radians per second), and
e wis the angular frequency (in radians per second).

Eigenfunctions

The complex-valued eigenfunctions of any linear time-invariant (LTI) system are of the
following forms:
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V(t) = Ae* = AeloHiwlt
A = Aei?
= V(t) = Aef?elotivlt
Aettellwtte)

From Euler's formula, the real-part of these eigenfunctions are exponentially-decaying
sinusoids:

v(t) = Re {V ()} = Ae” cos(wt + ¢)
Sinusoidal steady state

Sinusoidal steady state is a special case in which the input voltage consists of a pure sinusoid
(with no exponential decay). As a result,

ag=10
and the evaluation of s becomes
5 = Jjw

Series circuit

V Ls V,

m « 4L

Series RL circuit

By viewing the circuit as a voltage divider, we see that the voltage across the inductor is:

L ys)

)= s

and the voltage across the resistor is:

R vs)

Vel = st

Current

The current in the circuit is the same everywhere since the circuit is in series:
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I(S) - ;-I—(i}s

Transfer functions

The transfer function for the inductor is

Vi(s)  Ls
Vin(s) R+ Ls

HL(S} = = GLEj¢L

Similarly, the transfer function for the resistor is

VR(S) . R
Vin(s) R+ Ls

= Gg eIPR

Hg(s) =

Poles and zeros

Both transfer functions have a single pole located at

In addition, the transfer function for the inductor has a zero located at the origin.

Gain and phase angle

NETWORK THEORY

The gains across the two components are found by taking the magnitudes of the above

expressions:
B )l — Vi(s) _ wk
G = |Hp(s)| Vi (5) \/RE - WL
and
(s = | YRG) | R
Gr = |Hg(s)| Vin(s) \/RE n (WL)E

and the phase angles are:

!

¢ = ZHp(s) = tan! (EL)

and
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. 'L
¢or= LHR(s) = tan ! (_mR )

Phasor notation

These expressions together may be substituted into the usual expression for the phasor
representing the output:

Vi = GrVin el?r

Ve = Gg I‘Enﬁjm
Impulse response
The impulse response for each voltage is the inverse Laplace transform of the corresponding
transfer function. It represents the response of the circuit to an input voltage consisting of an

impulse or Dirac delta function.

The impulse response for the inductor voltage is

hp(t) = 6(t) — %e_‘%u(t) = 8(t) — %e—r u(t)

where u(?) is the Heaviside step function and

is the time constant.

Similarly, the impulse response for the resistor voltage is

Zero input response (ZIR)

The Zero input response, also called the natural response, of an RL circuit describes the
behavior of the circuit after it has reached constant voltages and currents and is disconnected
from any power source. It is called the zero-input response because it requires no input.

The ZIR of an RL circuit is:

by

i(f-) = i(U)E_L — ?:(D)E_%E
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Frequency domain considerations

These are frequency domain expressions. Analysis of them will show which frequencies the
circuits (or filters) pass and reject. This analysis rests on a consideration of what happens to
these gains as the frequency becomes very large and very small.

As w — 0o

GL—?l
GR—?U

ASs w — 0

GL—?‘[]
GR—?l

This shows that, if the output is taken across the inductor, high frequencies are passed and
low frequencies are attenuated (rejected). Thus, the circuit behaves as a high-pass filter. If,
though, the output is taken across the resistor, high frequencies are rejected and low
frequencies are passed. In this configuration, the circuit behaves as a low-pass filter. Compare
this with the behaviour of the resistor output in an RC circuit, where the reverse is the case.

The range of frequencies that the filter passes is called its bandwidth. The point at which the
filter attenuates the signal to half its unfiltered power is termed its cutoff frequency. This
requires that the gain of the circuit be reduced to

1
GL:GR:%

Solving the above equation yields

_R
© " Lradss
or
R
f"‘"_ﬁm

which is the frequency that the filter will attenuate to half its original power.

Clearly, the phases also depend on frequency, although this effect is less interesting generally
than the gain variations.

As w — 0
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So at DC (0 Hz), the resistor voltage is in phase with the signal voltage while the inductor
voltage leads it by 90°. As frequency increases, the resistor voltage comes to have a 90° lag
relative to the signal and the inductor voltage comes to be in-phase with the signal.

Time domain considerations
The most straightforward way to derive the time domain behaviour is to use the Laplace

transforms of the expressions fdrzand Vggven above. This effectively transforms jw — s,
Assuming a step input (i.e., Vin = Obefore ¢ = 0and then Vin = Vafterwards):

1

1’@“(5) = V;
sL 1
V; =V ——-
z(s) R+ sLs
R 1
V; =V —=—-
n(s) R+ sLs
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Inductor voltage step-response.
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Resistor voltage step-response.
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RLC NETWORK SYNTHESIS:

A series RLC circuit: a resistor, inductor, and a capacitor

An RLC circuit (the letters R, L and C can be in other orders) is an electrical circuit
consisting of a resistor, an inductor, and a capacitor, connected in series or in parallel. The
RLC part of the name is due to those letters being the usual electrical symbols for resistance,
inductance and capacitance respectively. The circuit forms a harmonic oscillator for current
and will resonate in a similar way as an LC circuit will. The main difference that the presence
of the resistor makes is that any oscillation induced in the circuit will die away over time if it
is not kept going by a source. This effect of the resistor is called damping. The presence of
the resistance also reduces the peak resonant frequency somewhat. Some resistance is
unavoidable in real circuits, even if a resistor is not specifically included as a component. An
ideal, pure LC circuit is an abstraction for the purpose of theory.

There are many applications for this circuit. They are used in many different types of
oscillator circuits. Another important application is for tuning, such as in radio receivers or
television sets, where they are used to select a narrow range of frequencies from the ambient
radio waves. In this role the circuit is often referred to as a tuned circuit. An RLC circuit can
be used as a band-pass filter, band-stop filter, low-pass filter or high-pass filter. The tuning
application, for instance, is an example of band-pass filtering. The RLC filter is described as
a second-order circuit, meaning that any voltage or current in the circuit can be described by
a second-order differential equation in circuit analysis.

The three circuit elements can be combined in a number of different topologies. All three
elements in series or all three elements in parallel are the simplest in concept and the most
straightforward to analyse. There are, however, other arrangements, some with practical
importance in real circuits. One issue often encountered is the need to take into account
inductor resistance. Inductors are typically constructed from coils of wire, the resistance of
which is not usually desirable, but it often has a significant effect on the circuit.

Resonance

An important property of this circuit is its ability to resonate at a specific frequency, the
resonance frequency, Jo. Frequencies are measured in units of hertz. In this article, however,
angular frequency, @i, is used which is more mathematically convenient. This is measured
in radians per second. They are related to each other by a simple proportion,
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wo = 27 fo

Resonance occurs because energy is stored in two different ways: in an electric field as the
capacitor is charged and in a magnetic field as current flows through the inductor. Energy can
be transferred from one to the other within the circuit and this can be oscillatory. A
mechanical analogy is a weight suspended on a spring which will oscillate up and down when
released. This is no passing metaphor; a weight on a spring is described by exactly the same
second order differential equation as an RLC circuit and for all the properties of the one
system there will be found an analogous property of the other. The mechanical property
answering to the resistor in the circuit is friction in the spring/weight system. Friction will
slowly bring any oscillation to a halt if there is no external force driving it. Likewise, the
resistance in an RLC circuit will "damp" the oscillation, diminishing it with time if there is no
driving AC power source in the circuit.

The resonance frequency is defined as the frequency at which the impedance of the circuit is
at a minimum. Equivalently, it can be defined as the frequency at which the impedance is

purely real (that is, purely resistive). This occurs because the impedances of the inductor and
capacitor at resonance are equal but of opposite sign and cancel out. Circuits where L and C
are in parallel rather than series actually have a maximum impedance rather than a minimum
impedance. For this reason they are often described as antiresonators, it is still usual,
however, to name the frequency at which this occurs as the resonance frequency.

Natural frequency

The resonance frequency is defined in terms of the impedance presented to a driving source.
It is still possible for the circuit to carry on oscillating (for a time) after the driving source has
been removed or it is subjected to a step in voltage (including a step down to zero). This is
similar to the way that a tuning fork will carry on ringing after it has been struck, and the
effect is often called ringing. This effect is the peak natural resonance frequency of the circuit
and in general is not exactly the same as the driven resonance frequency, although the two
will usually be quite close to each other. Various terms are used by different authors to
distinguish the two, but resonance frequency unqualified usually means the driven resonance
frequency. The driven frequency may be called the undamped resonance frequency or
undamped natural frequency and the peak frequency may be called the damped resonance
frequency or the damped natural frequency. The reason for this terminology is that the driven
resonance frequency in a series or parallel resonant circuit has the value!

1
Wp = —F—

VLC

This is exactly the same as the resonance frequency of an LC circuit, that is, one with no
resistor present. The resonant frequency for an RLC circuit is the same as a circuit in which
there is no damping, hence undamped resonance frequency. The peak resonance frequency,
on the other hand, depends on the value of the resistor and is described as the damped
resonant frequency. A highly damped circuit will fail to resonate at all when not driven. A
circuit with a value of resistor that causes it to be just on the edge of ringing is called
critically damped. Either side of critically damped are described as underdamped (ringing
happens) and overdamped (ringing is suppressed).

Damping
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Damping is caused by the resistance in the circuit. It determines whether or not the circuit
will resonate naturally (that is, without a driving source). Circuits which will resonate in this
way are described as underdamped and those that will not are overdamped. Damping
attenuation (symbol a) is measured in nepers per second. However, the unitless damping
factor (symbol {, zeta) is often a more useful measure, which is related to a by

(==
= o
The special case of { =1 is called critical damping and represents the case of a circuit that

is just on the border of oscillation. It is the minimum damping that can be applied without
causing oscillation.

Bandwidth

The resonance effect can be used for filtering, the rapid change in impedance near resonance
can be used to pass or block signals close to the resonance frequency. Both band-pass and
band-stop filters can be constructed and some filter circuits are shown later in the article. A
key parameter in filter design is bandwidth. The bandwidth is measured between the 3dB-
points, that is, the frequencies at which the power passed through the circuit has fallen to half
the value passed at resonance. There are two of these half-power frequencies, one above, and
one below the resonance frequency

Aw = wy — wy

where Awis the bandwidth, wiis the lower half-power frequency and wais the upper half-
power frequency. The bandwidth is related to attenuation by,

Aw =20

when the units are radians per second and nepers per second respectivelylcifation neededl - Qther
units may require a conversion factor. A more general measure of bandwidth is the fractional
bandwidth, which expresses the bandwidth as a fraction of the resonance frequency and is
given by

R=—

W

The fractional bandwidth is also often stated as a percentage. The damping of filter circuits is
adjusted to result in the required bandwidth. A narrow band filter, such as a notch filter,
requires low damping. A wide band filter requires high damping.

Q factor

The Q factor is a widespread measure used to characterise resonators. It is defined as the peak
energy stored in the circuit divided by the average energy dissipated in it per radian at
resonance. Low Q@ circuits are therefore damped and lossy and high Q circuits are
underdamped. Q is related to bandwidth; low Q circuits are wide band and high Q circuits are
narrow band. In fact, it happens that Q is the inverse of fractional bandwidth
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Q factor is directly proportional to selectivity, as Q factor depends inversely on bandwidth.

Applications
Variable tuned circuits

A very frequent use of these circuits is in the tuning circuits of analogue radios. Adjustable
tuning is commonly achieved with a parallel plate variable capacitor which allows the value
of C to be changed and tune to stations on different frequencies. For the IF stage in the radio
where the tuning is preset in the factory the more usual solution is an adjustable core in the

C
o — ','II "n_l"._l l l & I
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Fig. RLC circuit as a low-pass filter Fig. RLC circuit as a high-pass filter
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Fig. RLC circuit as a series band-pass filter in ~ Fig. RLC circuit as a parallel band-pass

series with the line filter in shunt across the line
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Fig. RLC circuit as a series band-stop filter in Fig. RLC circuit as a parallel band-stop

shunt across the line filter in series with the line

inductor to adjust L. In this design the core (made of a high permeability material that has the
effect of increasing inductance) is threaded so that it can be screwed further in, or screwed
further out of the inductor winding as required.
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FOSTER'S REACTANCE THEOREM:

Introduction:

Network synthesis involves the methods used to determine an electric circuit that satisfy
certain specifications. Given an impulse response there are many techniques that can be used
to synthesize a circuit with the specified response. Different methods may also be used to
synthesize circuits, all of which may be optimal. Hence the solution to a network synthesis
problem is never unique.

Many applications today use digital processing in lieu of analog processing and the GHz
spectrum is finding increasing use in applications such as wireless communications.
However, operation at high frequencies requires analog filtering and processing circuits
simply because using digital techniques is neither realistic nor economical. Another
advantage that analog devices have over their digital counterparts is their ability to operate
with wide instantaneous bandwidths and moderately high dynamic ranges at microwave
frequencies.

For a Foster 1 realisation the component values are given by the partial fraction expansion

) K K s Kos K s
Z(S:l:ﬁ.mf&:'—F I[:I—|‘ 5 l 2"— 2 — -,—|——|—.,—ﬂ‘2
S s?+wi s+ w3 s + w?

While for the Foster 2 form the values are given by the alternative partial fraction expansion

K; Ks Kys K,s
- - 0 14 28
Y(s) = Kj,;s+ + — - _ T
s 24w s+ w; s? +w,?

For the Cauer 1 realization the component values are given by a continued fraction
expansion around infinity

The Cauer 2 values are given by a continued fraction expansion around zero

K, 1
— . —|— .
) K, 1

Z(s)

Foster and Cauer network realisations. These allow simple determination of the Required
component values by continued and partial fraction expansions
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b) Foster 2 form
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c) Cauer 1 form
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Foster's reactance theorem is an important theorem in the fields of electrical network
analysis and synthesis. The theorem states that the reactance of a passive, lossless two-
terminal (one-port) network always strictly monotonically increases with frequency. It is
easily seen that the reactances of inductors and capacitors individually increase with
frequency and from that basis a proof for passive lossless networks generally can be
constructed. The proof of the theorem was presented by Ronald Martin Foster in
1924,although the principle had been published earlier by Foster's colleagues at American

Telephone & Telegraph.

The theorem can be extended to admittances and the encompassing concept of immittances.
A consequence of Foster's theorem is that poles and zeroes of the reactance must alternate
with frequency. Foster used this property to develop two canonical forms for realising these
networks. Foster's work was an important starting point for the development of network

synthesis.

It is possible to construct non-Foster networks using active components such as amplifiers.
These can generate an impedance equivalent to a negative inductance or capacitance. The

negative impedance converter is an example of such a circuit.
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Conclusion:

By following the step by step procedure in each form the desired networks are synthesised. The
following are the circuit diagrams obtained as a result of the analysis
Reference:

[1].Sudhakar, A., Shyammohan, S. P.; “Circuits and Network”; Tata McGraw-Hill New Delhi,2000
[2]. A William Hayt, “Engineering Circuit Analysis” 8th Edition, McGraw-Hill Education 2004
[3]. Paranjothi SR, “Electric Circuits Analysis,” New Age International Ltd., New Delhi, 1996.

Post Test MCQs:
1.

=)

The transfer function ¢ + @ is for

a.. low pass filter
b. notch filter

c. high pass filter
d. band pass filter

2. For the ladder network of figure, open circuit driving point impedance at port1 =
2H 2H

a.
25 + -
” 5+ 1
25+l
5
b.
25 + 1 I
25+ I
+_
s 2=
C.
5+ 1
1
25+ 1
+_
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d.
5+ 1
1
25+ 1
+_
s 2=
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3. A pole zero plot of a filter is shown in figure. It is

jo+

¥ —ijl

P —j2

a low pass filter
b. high pass filter
c. band pass filter
d. all pass filter

4. An RC impedance function has a pole at s = 0. The first element in the Foster form of synthesis

a.is R

b..may be R and C
c.isC

d. is R and C in parallel

5. Figure shows the variation of Z(®) for a positive real function. The function is

Z(w)

a. .RC impedance

b. RL impedance

¢. RLC impedance

d. Reactance function
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